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Introduction

Malliavin calculus is a stochastic calculus of variations on the Wiener
space. Its foundations were set in the 1970’s, mainly in the seminal
work [33], in order to study the existence and smoothness of density
for the probability laws of random vectors. For diffusion processes this
problem can be approached by applying Hérmander’s theorem on hy-
poelliptic differential operators in square form to Kolmogorov’s equation
(see ref. [18]). Thus, in its very first application, Malliavin calculus pro-
vides a probabilistic proof of the above mentioned Hérmander’s theorem.
Actually the first developments of the theory consist of a probabilistic
theory for second order elliptic and parabolic stochastic partial differ-
ential equations with the broad contributions by Kusuoka and Stroock,
Ikeda and Watanabe, Bell and Mohammed, among others. As a sample
of references and without aiming to be complete, we mention [6], [19]
and [28]-[30]. Further developments in the analysis on the Wiener space
led to contributions in many areas of probability theory. Let us men-
tion for instance the theory of Dirichlet forms and applications to error
calculus (see the monograph [8]) and the anticipating stochastic calculus
with respect to Gaussian processes (refs. [45], [46] and [58]). At a more
applied level, Malliavin calculus is used in probabilistic numerical meth-
ods in financial mathematics. Many problems in probability theory have
been and are being successfully approached with tools from Malliavin
calculus. Here are some samples together with basic references:

1) Small perturbations of stochastic dynamical systems (refs. [10], [11],
[26], [27] and [31])

2) Weak results on existence of solutions for parabolic stochastic partial
differential equations and numerical approximations (refs. [1] and

[2])
3) Time reversal for finite and infinite dimensional stochastic differen-
tial equations (refs. [38] and [39])

4) Transformation of measure on the Wiener space (ref. [66])
5) Extension of 1t6’s formulae (refs. [5] and [41])
6) Potential theory (ref. [15])
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vi Introduction

The aim of this book is to present applications of Malliavin calcu-
lus to the analysis of probability laws of solutions of stochastic partial
differential equations driven by Gaussian noises which are white in time
and coloured in space, in a comprehensive way. The first five chapters
are devoted to the introduction to the calculus itself based on a gen-
eral Gaussian space, going from the simple finite-dimensional setting to
the infinite-dimensional one. The last three chapters are devoted to the
applications to stochastic partial differential equations based on recent
research. Each chapter ends with some comments concerning the origin
of the work developed within and its references. Throughout the paper,
we denote by C' a real positive constant which can vary from a line to
another.

The notes were written on the occasion of a visit to the Institut
de Mathématiques at the Swiss Federal Institute of Technology in Lau-
sanne in Fall 2003. I take this opportunity to thank the institution for
the invitation. I am deeply indebted to Professor Robert Dalang for
providing me a very inspiring scientific atmosphere, for his valuable col-
laboration and for the meticulous and critical reading of a version of the
manuscript. My thanks are also due to Lluis Quer-Sardanyons for the
careful reading of its first version and to those who attended the course
for their enthousiasm, interest and remarks.

© 2005, First edition, EPFL Press



Contents

Introduction v

CHAPTER 1 Integration by Parts and Absolute Continuity

of Probability Laws 1
CHAPTER 2 Finite Dimensional Malliavin Calculus 7
2.1 The Ornstein-Uhlenbeck operator.................. 7
2.2 The adjoint of the differential..................... 12
2.3 An integration by parts formula:
Existence of a density ........... ... .. ... 13
2.4 EXEICISES . vttt ettt e 16
CHAPTER 3 The Basic Operators of Malliavin Calculus 17
3.1 The Ornstein-Uhlenbeck operator................. 18
3.2 The derivative operator........................... 22
3.3 The integral or divergence operator............... 26
3.4 Differential calculus............ ... ... .. L 27
3.5 Calculus with multiple Wiener integrals........... 33
3.6 Local property of the operators................... 39
3.7 EXErCISes ...ttt 41
CHAPTER 4 Representation of Wiener Functionals 45
4.1 The It6 integral and the divergence operator...... 46
4.2 The Clark-Ocone formula...................... ... 48
4.3 Generalized Clark-Ocone formula................. 49
4.4 Application to option pricing ..................... 54
4.5 EXEICISeS ...ttt 59
CHAPTER 5 Criteria for Absolute Continuity
and Smoothness of Probability Laws 61
5.1 Existence of adensity ............... .. ... ... 61
5.2 Smoothness of the density ........................ 66

© 2005, First edition, EPFL Press



viii Contents

CHAPTER 6 Stochastic Partial Differential Equations
Driven by Spatially Homogeneous Gaussian Noise

6.1 Stochastic integration

with respect to coloured noise ...................
6.2 Stochastic partial differential equations

driven driven by a coloured noise ................
6.3 EXEercises ... oot

CHAPTER 7 Malliavin Regularity of Solutions of SPDE’s

7.1 EXCICISES . ..o

CHAPTER 8 Analysis of the Malliavin Matrix of Solutions
of SPDE’s

8.1 One dimensional case............coouiiiuia...
8.2 Examples ... i
8.3 Multidimensional case..............c ...

Definitions of spaces

Bibliography

© 2005, First edition, EPFL Press

120

121

121
135
146

153

155



CHAPTER 1

Integration by Parts
and Absolute Continuity
of Probability Laws

In this chapter, we give some general results on the existence of
density for probability laws and properties of these densities. There are
different approaches depending on whether one wishes to compute the
densities —and even their derivatives— or not. The criteria proved
by Malliavin in reference [33] establish existence and smoothness of the
density (see Proposition 1.2). The approach by Watanabe (ref. [68])
yields —under stronger assumptions— a description of the densities
and their derivatives.

We present here a review of these results, putting more emphasis on
the second approach.

Let us first introduce some notation. Derivative multiindices are
denoted by a = (ai,...,o) € {1,...,n}". Set |a| = >_;_; o;. For any
differentiable real valued function ¢ defined on R", we denote by 0,
the partial derivative (95'7___7%@. If || =0, dap = ¢, by convention.

Definition 1.1 Let F' be a R™-valued random vector, F' = (F,..., F,),
and G be an integrable random variable defined on some probability
space (Q,F,P). Let a be a multiindex. The pair F,G satisfies an
integration by parts formula of degree « if there exists a random variable
H,(F,G) € L*(Q) such that

E((0a)(F)G) = E(p(F)Ha(F,G)), (1.1)

for any ¢ € C;°(R™).
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2 Integration by Parts and Absolute Continuity of Probability Laws

The property expressed in (1.1) is recursive in the following sense.
Let o = (8,7), with 8= (61,...,084), v = (71,---,7). Then
E((0up)(F)G) = E((0y)(F)Hg(F, G))
= E(p(F)H,(F, H(F,G)))
= E(p(F)Ha(F.C)).

The interest of this definition in connection with the study of probability
laws can be deduced from the next result.

Proposition 1.1

1) Assume that (1.1) holds for oo = (1,...,1) and G = 1. Then the
probability law of F has a density p(x) with respect to Lebesgue
measure on R™. Moreover,

p(@) = E(l<pHa,. 1)(F,1)). (1.2)

In particular, p is continuous.

2) Assume that for any multiindex o the formula (1.1) holds true
with G = 1. Then p € Cl*(R™) and

aap(x) = (_1)|a‘E(l(z§F)Ha+1(F7 1))7 (13)

where ao+1:=(aq +1,...,aq4 + 1).

Proor

We start by giving a non-rigorous argument which leads to the con-
clusion of part 1. Heuristically p(x) = E((SO(F — m)), where J§y denotes
the Dirac delta function. The primitive of this distribution on R"™ is
1}9,00)- Thus by (1.1) we have

p(a:) = E((So(F — 1‘)) = E(((917___711[0700))(F — x))
= E(ljp0)(F — x)H .. 1)(F,1)).

Let us be more precise. Fix f € C{°(R") and set ¢(z) = [“] ---
ffgo f(y) dy. Fubini’s theorem yields

E(f(F)) = E((01,..19)(F)) = E(p(F)H,..1)(F, 1))

- (( [ teen @) dx) H,..on (F. 1>)

= | J@EQerHa...n(F1)).
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Integration by Parts and Absolute Continuity of Probability Laws 3

Let B be a bounded Borel set of R™. Consider a sequence of functions
fn € C°(R™) converging pointwise to 1p. Owing to the previous identi-
ties (applied to f,,) and Lebesgue bounded convergence we obtain

E(lB(F)) = /Rn lB (x)E(l(:ch)H(l,...,l)(Fa 1)) (1.4)

Hence the law of F' is absolutely continuous and its density is given
by (1.2). Since Hy 1)(F,1) is assumed to be in L(£2), formula (1.2)
implies the continuity of p, by bounded convergence. This finishes the
proof of part 1.

The proof of part 2 is done recursively. For the sake of simplicity,
we shall only give the details of the first iteration for the multiindex
a=(1,...,1).

Let f € C°(R™),

T e o[

By assumption,

E(f(F))

E(®(F)Hq,. 1)(F,1))

(q/(F)H(l y(F, H,.. )(Fal)))
= E(¥U(F)H,. 5(F,1)).

Fubini’s Theorem yields
E(U(F)Hq, . 9(F,1))

1 Fy Y1 Yn
= E</ dyy -+ / dyn, </ dzy - / dznf(z)> H(2,...,2) (F, 1))
" Fy Py Fn
= E(/ dzy - - / dzn f(2) / dyr -- / dynH s, 2)(F, 1))
— 00 —00 21 Zn

= /n dzf(2)E (H(E - Zi)JrH(z,...,z)(R 1)) :

i=1
This shows that the density of F' is given by

p(x) = E(H(Fz - wi)JrH(z,...,z)(F? 1)) )

i=1
by a limit argument, as in the first part of the proof. The function
z — [[ (F' — 2;)" is differentiable, except when z; = F;, almost
surely. Therefore by bounded convergence

a,..yp(x) = (—1)"EQ o) (F)Ha, 2)(F,1)). O

© 2005, First edition, EPFL Press



4 Integration by Parts and Absolute Continuity of Probability Laws

REMARK 1.1 The conclusion in part 2 of the preceding Proposition is
quite easy to understand by formal arguments. Indeed, roughly speaking
o should be such that its derivative d, is the Dirac delta function dy.
Since taking primitives makes functions smoother, the higher || is, the
smoother ¢ must be. Thus, having (1.1) for any multiindex « yields
infinite differentiability for p(z) = E(0o(F — z)).

Malliavin, in the development of his theory, used the criteria given
in the next Proposition for the existence and smoothness of density (see

ref. [33]).

Proposition 1.2

1) Assume that for any i € {1,2,...,n} and every function ¢ €
C°(R™), there exist positive constants C;, not depending on o,
such that

[E(@00)(F)) | < Cillgloo- (15)

Then the law of F' has a density.

2) Assume that for any multiindex o and every function ¢ € Cg°(R™)
there exist positive constants C,, not depending on ¢, such that

[E((029)(F))| < Callgloo- (1.6)

Then the law of F' has a C*° density.

REMARK 1.2 Checking (1.5), (1.6) means that we have to eliminate
the derivatives 9;, 0, and thus one is naturally led to an integration by
parts procedure.

REMARK 1.3 Malliavin formulates Proposition 1.2 in a more general
setting. Indeed, instead of considering probability laws Po F~!, he deals
with finite measures  on R™. The reader interested in the proof of this
result is referred to references [33] and [43].

COMMENTS

Comparing Propositions 1.1 and 1.2 leads to some comments:

1) Let n = 1. The assumption in part 1) of Proposition 1.1 implies
(1.5). However, for n > 1, both hypotheses are not comparable. The
conclusion in the former Proposition gives more information about
the density than in the later one.

© 2005, First edition, EPFL Press



Integration by Parts and Absolute Continuity of Probability Laws 5

2) Let n > 1. Assume that (1.1) holds for any multiindex « with
|a| = 1. Then, by the recursivity of the integration by parts formula,
we obtain the validity of (1.1) for o = (1,...,1).

3) Since the random variable H, (F,G) in (1.1) is assumed to belong to
LY(€), the identity (1.1) with G = 1 clearly implies (1.6). There-
fore the assumption in part 2 of Proposition 1.1 is stronger than
in Proposition 1.2. But, on the other hand, the conclusion is more
precise.
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CHAPTER 2

Finite Dimensional

Malliavin Calculus

In this chapter, we shall consider random vectors defined on the
probability space (]Rm, B(R™), ,um), where p,, is the standard Gaussian
measure, that is

pim(dz) = (27) "2 exp(——> dz.

We denote by FE,, the expectation with respect to the measure piy,.
Consider a random vector F : R™ — R"™. The purpose is to find sufficient
conditions ensuring absolute continuity with respect to the Lebesgue
measure on R"™ of the probability law of F' and the smoothness of the
density. More precisely, we would like to obtain expressions such as
(1.1). This will be done in a quite sophisticated way as a prelude to the
methodology to be applied in the infinite dimensional case. For the sake
of simplicity, we shall only deal with multiindices « of order one. That
means that we shall only address the problem of existence of density for
the random vector F'.

2.1 The Ornstein-Uhlenbeck operator

Let (B, t > 0) be a standard R™-valued Brownian motion. Consider
the linear stochastic differential equation

dXi(x) = V2dB; — X(z) dt, (2.1)

with initial condition z € R™. Using the [t6 formula, it is immediate to
check that the solution to (2.1) is given by

Xi(z) = exp(—t)z + \/5/; exp(—(t — s)) dBs. (2.2)

© 2005, First edition, EPFL Press



8 The Ornstein-Uhlenbeck operator

The operator semigroup associated with the Markov process solution
( 1) is defined by P,f(z) = Epf(X¢(z)). Notice that the law of
=2 fo exp( (t— s)) dB, is Gaussian, mean zero and with co-
variance given by (1 — exp(—2t))[. This fact, together with (2.2), yields

Pf(x) = / f (et + T op 20y (). (23)

We are going to identify the class of functions f for which the right hand-
side of (2.3) makes sense ; and we will also compute the infinitesimal
generator of the semigroup.

Lemma 2.1

We have the following facts about the semigroup which is generated
1) (P, t > 0) is a contraction semigroup on LP(R™; u,,), for all
p=>1

2) For any f € CE(R™) and every z € R™,

lim, — L (P (@) — [(@)) = Lnf (@), (2.4)

where Lyy = A —x-V =% 1,02, — > 20y,
3) (P, t > 0) is a symmetric semigroup on L*(R™; u,,).

PRrROOF

1) Let X and Y be independent random variables with law f,,. The law

of exp(—t) X ++/1 — exp( 2t Y is also ji,,. Therefore, (ftm, X i )oT ™! =

L, Where T(z,y) = exp(—t)x + /1 — exp(—2t)y. Then, the deﬁnltlon
of P;f and this remark yields

/Rm{Ptf(x)‘pMm(dx) < /m /m‘f(T(x,y))‘pum(dx)um(dy)
Z/Rm\f 2)[” ().

2) This follows very easily by applying the It6 formula to the process

f(X).
3) We must prove that for any g € L?(R™; ),

Fif(@)g(@)pm(de) = | f(x)Pig(x)pm(dz),
R™ R™

© 2005, First edition, EPFL Press



Finite Dimensional Malliavin Calculus 9

or equivalently

E,, (f (exp(—t)X ++/1-— exp(—2t)Y) g(X))

:Em(<exp X+\/m}f> )

where X and Y are two independent standard Gaussian variables. This
follows easily from the fact that the vector (Z, X), where

Z =exp(—t)X + /1 — exp(—2t)Y,
has a Gaussian distribution and each component has law . (|

The appropriate spaces to perform the integration by parts men-
tioned above are defined in terms of the eigenvalues of the operator L,,
We are going to compute these eigenvalues using the Hermite polynomi-
als. In the next chapter, we shall exploit this relationship in a stochastic
framework. The Hermite polynomials H,(x), v € R, n > 0 are defined

as follows:
exp(—— + tx) Zt”H (2.5)

That is,

1 d" t?
Hy,(x) = 1 am exp<—— + tx)

Y (Z) L e(-Z). o

Notice that Hy(x) = 1 and H,(z) is a polynomial of degree n, for any
n > 1. Hence, any polynomial can be written as a sum of Hermite
polynomials and therefore the set (H,,,n > 0) is dense in L?(R, p1).

Moreover,
1

FE{(H,H,) =
1(Hn ) (nlml) 2

n,m;

where 0, ,, denotes the Kronecker symbol. Indeed, this is a consequence
of the identity

52 12
E, (exp (SX — 5) exp (tX — 5)) = exp(st),

which is proved by a direct computation. Thus, (\/mHn,n > O) is a
complete orthonormal system of L*(R, ui1).

© 2005, First edition, EPFL Press



10 The Ornstein-Uhlenbeck operator

One can easily check that

Thus,
L\H,(z) := H, (z) — zH! () = —nH,(z).

Therefore, the operator L; is non positive, (H,,n > 0) is the sequence
of eigenfunctions and (—n,n > 0) the corresponding sequence of eigen-
values. The generalisation to any finite dimension m > 1 is not difficult.
Indeed, let a = (ay,as9,...,), a; € N, be a multiindex. Assume that
a; = 0 for any ¢ > m. We define the generalized Hermite polynomial
H,(x), z € R™, by

Hy(x) = H Hg,(x;).
i=1

Set |a| = > a; and define Ly, = >1", LY, with L} = 82, — x;0x,.
Then

Lm(Ha(x)) = Z(HHaj(xj)(_ai)Hai(xi)> = —la|Hq(z).
i=1 \j#i

Therefore, the eigenvalues of L,, are again (—n,n > 0) and the corre-
sponding sequence of eigenspaces are those generated by the sets

m m
(H @i Hoy (), Yy =m, ; > 0) :
i=1 i=1

Notice that if |a| = n, then H,(z) is a polynomial of degree n. Denote
by P, the set of polynomials on R™. Fix p € [1,00) and k& > 0. We
define a seminorm on P, as follows:

1Fllep = 1T = L) 2 F o (27)

where for any s € R, the operator (I — L,,)? is defined using the spectral
decomposition of L,,.

Lemma 2.2

1) Letk <K ,p<p, kK >0,pp €[l,00). Then for any F € Py,

I lkp < [k - (2.8)

© 2005, First edition, EPFL Press



Finite Dimensional Malliavin Calculus 11

2) The norms || - ||gp, & > 0, p € [1,00), are compatible in the
following sense: If (Fp,n > 1) is a sequence in P, such that
limy, o [|Fn|lkp = 0 and it is a Cauchy sequence in the norm

H : ||k/,p/7 then hmn*)(] ||Fn‘|k',p' = 0.

ProoFr

1) Clearly, by Holder’s inequality the statement holds true for k& = &'.
Hence it suffices to check that ||F||;, < ||F||x p, for any k& < k’. To this
end we prove that for any a > 0,

1 = L) F oy < 1F 20 (2.9)

Fix F € P,,. Consider its decomposition in L?(R™;u,,) with re-
spect to the orthonormal basis given by the Hermite polynomials,
F = Y JuF. Since Ly, is the infinitesimal generator of P, the
formal relationship P, = exp(Ly,) yields P.F =Y > jexp(—nt)J,F.

The obvious identity

(1+n)*= ﬁ /000 exp(—t(n + 1))t0‘_1 dt,

valid for any a > 0, yields

(I=Lp) F =) (1+n) *J,F
n=0

1 /°° Bhe

= exp(—t)t* exp(—nt)J, F dt
o) Jo (=) ;::0 (=nt)

1

= Ot F dt.
F(a)/o exp( ) t

Hence, the contraction property of the semigroup P; yields

1 o0
[T = Lon) ™ F[ 1y ) < —/0 exp (=)t | P | Lo )

I'(e)
S F Lo am)-
Fix 0 < k < k’. Using (2.9) we obtain

K
2

H(I—Lm)gFHLp(um) - “(I_Lm)k;(l_Lm)%FHLP(um)

= H(I_ Lm)%FHLp(Mm)'

© 2005, First edition, EPFL Press



12 The adjoint of the differential

2) Set G,, = (I—L)%Fn € Pp. By assumption, (G,,n > 1) is a Cauchy
sequence in Lp/(um). Let us denote by G its limit. We want to check
that G = 0. Let H € P,,, then

GHdp, = lim GrnH du,

m n—0o0 Jpm

= lim [ (I-L)%

n—0o0 Jpm

W= 1) Hdpy, = 0.

Since P, is dense in LI(uy,), for any ¢ € [1,00) (see for instance ref.
[21]), we conclude that G = 0. This ends the proof of the Lemma. [

Let DEP be the completion of the set P, with respect to the norm
|| - ||k,p defined in (2.7). Set
-nNei.

p>1k>0

Lemma 2.2 ensures that the set D7 is well defined. Moreover, it is easy
to check that DY is an algebra.

REMARK 2.1 Let F € DSS. Consider a sequence (F,,n > 1) C Py,
converging to F' in the topology of D$°, that is

lim HF F, Hk

n—oo

for any £ > 0, p € [1,00). Then L,,F is defined as the limit in the
topology of D2 of the sequence F' — (I — Ly,)F,.

2.2 The adjoint of the differential

We are looking for an operator é,, which can be considered as the
adjoint of the gradient V in L2(R™, j1,,,). Such an operator must act on
functions ¢ : R™ — R™, take values in the space of real-valued functions
defined on R" and satisfy the duality relation

En(Vf, @) = En(fomep), (2.10)

where (-,-) denotes the inner product in R™. Assume first that f, ¢’ €
P, t=1,...,m. Then, an integration by parts yields

m{Vf )= Z/ i f ()" () prn ()

- Z ) (zip' () = Qi () pm (dir).

© 2005, First edition, EPFL Press



Finite Dimensional Malliavin Calculus 13

Hence
m

Omp = Z(ngol — 9;"). (2.11)

i=1
Notice that §,, oV = —L,,.
The definition (2.11) yields the next useful formula

om(fVg) = =(Vf,Vg) = fLmng, (2.12)

for any f,g € Pp,.
We remark that the operator §; satisfies

61H,(z) = xHy(z) — H)(z) = xHy(x) — Hy_1(2)

= (n+1)H,q1(x).
Therefore it increases the order of a Hermite polynomial by one.

REMARK 2.2 All the above identities make sense for f,g € D2°. In-
deed, it suffices to justify that one can extend the operator V to DJ°.
Here is one possible argument:

Let S(R™) be the set of Schwartz test functions. Consider the isom-
etry J : L2(R™, \,,) — L2(R™, 1) defined by

2
I = fa)en? ep( 2.
where )\, denotes Lebesgue measure on R™. Following reference [56]
(page 142), Mi>o DEF = J(S(R™)). Then, for any F' € DY there exists
F € S(R™) such that F = J(F) and one can define VF = J(VF).

We will see in the next chapter that Meyer’s result on equivalence of
norms shows that the infinite-dimensional analogue of the spaces Dﬁ{p
are the suitable spaces where the Malliavin k-th derivative makes sense.

2.3 An integration by parts formula: Existence of a density

Let F : R™ — R" be a random vector, F' = (F! ..., F"). We
assume that F' € D°(R"); that is, F* € D, for any i = 1,...,n. The
Malliavin matrixz of F — also called covariance matriz — is defined
by A

A(z) = (<VFZ($),VF]($)>)

1<ij<n”

© 2005, First edition, EPFL Press



14 An integration by parts formula: Existence of a density

Notice that by its very definition, A(z) is a symmetric, non-negative
definite matrix, for any x € R™. Clearly A(z) = DF(z)DF(x)", where
DF(z) is the Jacobian matrix at x and the superscript 7' means the
transpose.

We want to give sufficient conditions ensuring existence of a density
for P o F~1. We shall apply the criterium of part 1) of Proposition 1.2.

Let us perform some computations showing that (9;¢)(F), i = 1,
., n, satisfies a linear system of equations. Indeed, by the chain rule,

n

> () (F(2))0;F*(2)0; ' ()

1 k=1

(VF!(2), VF*(2))(0k0) (F (x))

INgE

(V(e(F@)). 9F@) =

J

I
M3

k=1
= (A@)(V"Q)(F()) . (2.13)
I = 1,...,n. Assume that the matrix A(z) is inversible p,,-almost
everywhere. Then one gets
0 (F) = > (V(¢(F(@))), A (@) VF' (@), (2.14)
=1
for every i = 1,...,n, um-almost everywhere.

Taking expectations formally and using (2.12), (2.14) yields
B ((0:0)(F)) = ZEm<V(¢<F>),A;SVFl>
_ZE <<P A211VFZ))

—ZE (e(P)(—(V A VF') = A7} L F'))
(2.15)

Formula (2.15) shows that

B (0:p(F)) = B (9(F)H(F, 1)), (2.16)
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Finite Dimensional Malliavin Calculus 15

with
Hy(F,1) = 6m(A;] VF)
=1

= =3 (VAL VF) + A L FY). (2.17)
=1
This is an integration by parts formula as in Definition 1.1.

For higher differential orders, things are a little bit more difficult,
but essentialy the same ideas would lead to the analogue of formula
(1.1) with a = (1,...,1) and G = 1.

The preceding discussion and Proposition 1.2 yield the following
result.

Proposition 2.1
Let F € DO(R™). Assume that:

1) The matriz A(x) is invertible for every x € R™, p,,-almost ev-
erywhere.

2)det A=Y € LP(R™;pup), V(det A=) € L"(R™; ), for some
p,r € (1,00).

Then the law of F is absolutely continuous with respect to the

Lebesgue measure on R™.

PRrROOF

The assumptions in 2) show that
Cii= Y B (VAL V)| + A7 L))
=1

is finite. Therefore, one can take expectations on both sides of (2.14).
By (2.15), it follows that
| Em(0i0) (F)] < Ci|#lloo-

This finishes the proof of the Proposition. O

REMARK 2.3 The proof of smoothness properties for the density re-
quires an iteration of the procedure presented in the proof of the Propo-
sition 2.1.
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16 Exercises

COMMENTS

Developing Malliavin Calculus on a finite dimensional Gaussian
space is a stimulating exercise which gives a preliminary and useful in-
sight into this very intricate topic. Is also provides good training mate-
rial, since computations can be carried out explicitely. Stroock’s course
(ref. [63]) insists on the finite dimensional setting before entering into
the core of the Calculus; Ocone follows the same strategy in reference
[48]. We have followed essentially his presentation. The proof of Lemma
2.2 can be found in reference [68] in the general infinite dimensional
framework.

2.4 Exercises

24.1
Let f,g € D° and define

I'(f,9) = Ln(f9) — fLmg — gLm [.
Show that
1) I(f,9) = 2(Vf,Vg).
2) Em(r(fa g)) = _Em(fng)'
Identify the operator §,, o V.
Hint: Apply the identity (2.12).

2.4.2
Prove that P,(H,,) = exp(—nt)H,.

Hint: Using the definition of P; and the Laplace transform of the Gaus-
sian measure, check that

£2 te=t)?
P (exp <—5 + ta;)) = exp (—% + teta:> .
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CHAPTER 3

The Basic Operators

of Malliavin Calculus

In this chapter we introduce the three basic operators needed to
develop the infinite dimensional Malliavin calculus on a Gaussian space:
The Malliavin derivative, its adjoint —the divergence operator — and
the Ornstein-Uhlenbeck operator.

We start by describing the underlying probability space. Let H be a
real separable Hilbert space. Denote by | - ||z and (-, -)i the norm and
the inner product, respectively. There exist a probability space (2,3, )
and a family M = (W(h),h € H) of random variables defined on this
space, such that the mapping h — W (h) is linear, each W (h) is Gaus-
sian, EW (h) = 0 and E(W (h1)W (h2)) = (h1,ho)u (see for instance
Proposition 1.3 of Chap. 1 of ref. [57]). Such a family is constructed as
follows. Let (e,,n > 1) be a complete orthonormal system in H. Con-
sider the canonical probability space (2, G, P) associated with a sequence
(gn,n > 1) of standard independent Gaussian random variables. That
is, @ = REN, G = BN 1y = u®N where, according to the notations of
Chapter 1, p1 denotes the standard Gaussian measure on R. For each
h € H, the series Y -, (h,e,) gy converges in L2(Q, G, u) to a random
variable that we denote by W (h). Notice that the set M is a closed
Gaussian subspace of L?(£)) that is isometric to H. In the sequel, we
shall assume that G is the o-field generated by M.

Here is an example of such a Gaussian family. Let H = L*(A, A,m),
where (A4, A, m) is a separable o-finite, atomless measure space. For any
F € A with m(F') < oo, set W(F) = W(1r). The stochastic Gaussian
process (W(F),F € A,m(F) < c0) is such that W(F) and W(G) are
independent if F' and G are disjoint sets; in this case, W (F U G) =
W(F)+ W(QG). Following reference [67], we call such a process a white
noise based on m. Then the random variable W (h) coincides with the
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18 The Ornstein-Uhlenbeck operator

first order Ité stochastic integral [, h(t)W (dt) with respect to W (see
ref. [20]). For instance, if A = Ry, A is the o-field of Borel sets of Ry and
m is the Lebesgue measure on Ry, then W (h) = [;° h(t) dW; — the 1t6
integral of a deterministic integrand — where (W, ¢t > 0) is a standard
Brownian motion. In Chapter 5 we shall introduce another important
class of Gaussian families indexed by two parameters representing time
and space, respectively; the time covariance is given by the Lebesgue
measure while the space correlation is homogeneous and is given by
some kind of measure. We will refer to these processes as noises that are
white in time and spatially correlated.

3.1 The Ornstein-Uhlenbeck operator

We could introduce this operator following exactly the same ap-
proach as that used in Section 2.1 for the finite dimensional case. How-
ever, we shall avoid introducing infinite dimensional evolution equations.
For this reason, we shall start with the analogue of the formula (2.3)
which, in this context, is called Mehler’s formula. For any F' € LP(€); u),
p > 1, set

P,F(w) = /QF<exp(—t)w + /1 — exp(—2t) u/) p(dw'), (3.1)

t > 0. We have the following.

Proposition 3.1

The above formula (3.1) defines a positive symmetric contraction
semigroup on LP(Q; u) and satisfies Pl = 1.

PRrROOF

The contraction property and the symmetry are proved following
exactly the same arguments as in finite dimension, replacing the measure
tm by p (see Lemma 2.1). Positivity is obvious, as well as the property
P1=1.
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The Basic Operators of Malliavin Calculus 19

Let us now prove the semigroup property. Let s,¢ > 0. Then
P(PsF)(w)
= / p(dw')(PsF) (eftw +V1—e 2 w/)
Q
= / / u(dw')u(dw”)F(e*(s“)w +e " V1l—e 2y + /1 —e2 w”)
QJQ

X / u(dw”)F(e_(sJ“t)w + V1 — e 2tts) w”)
Q
= PH_SF((,U).

This finishes the proof of the proposition. O

REMARK 3.1 The operator semigroup {P;,t > 0} satisfies a stronger
property than contraction. Indeed, Nelson [42] has proved that if ¢(t) =
e?(p—1)+1,t>0,p>1, then

1P E gty < [[1Elps

where for any ¢ > 1, the notation || - ||, denotes the L?(£2, G, u)-norm.
Notice that ¢(t) > p. This property is called hypercontractivity.

In order to describe the infinitesimal operator L of the semigroup
(P;) in an operational way, we give its spectral decomposition. To this
end we shall introduce the Wiener chaos decomposition of a random
variable in L?(Q, G, u). This is the infinite-dimensional analogue of the
decomposition of a function in L?(R™, B(R™), j1,,) in the basis consisting
of the Hermite polynomials.

Fix a multiindex a = (a1, aq,...), a; € Z+, a; = 0 except for a finite
number of indices i. Set |a] =, |a;|. We define the random variable

H, =Va! ﬁHai(W(ei)), (3.2)
i=1

where a! = []72; a;! and H,, is the Hermite polynomial defined in (2.5).

Let P be the class of random variables of the form
F=fW(h),...,W(hn)), (3.3)
n > 1, where f is a polynomial function. It is easy to check that P is

dense in L%(Q,G, ).
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20 The Ornstein-Uhlenbeck operator

Lemma 3.1

The family (H,) is an orthonormal basis of L*(2,G, ).

PRrROOF

By the definition of H, and the independence of the random variables
W (e;), one has

/Ha(w)Hb(w),u(dw) - x/J\/EH/ He, (W (e:)) Hy, (W (e;)) po(dw)
Q 179
= Vi ] /]R Ha, () Hy, (2)p (dz)

o
= H(Sai,bi = Oa,b-
=1

Since P is dense in L?(Q, G, i), this orthonormal family is total. O

Let H, be the closed subspace of L?(Q,G,u) generated by
(Hq,la| =n). It is called the n-th Wiener chaos. By the previous
lemma, the spaces H,, are orthogonal for different values of n. The
following decomposition holds:

L*(Q) = D Ha.
n=0
We will denote by .J,, the orthogonal projection from L?(Q2) onto H,.

REMARK 3.2 If H = L%(A, A,m), then J,(F) can be written as a
multiple Ito integral (see ref. [20]).

Proposition 3.2
Let F € L*(Q,G, ). Then

P(F) =Y e ™ Ju(F). (34)
n=0
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The Basic Operators of Malliavin Calculus 21

Proor

It suffices to prove (3.4) for random variables of the kind F =
exp(AW (h) — %), where h € H, ||hllg = 1, A € R. Indeed, once
the result is proved for such random variables we obtain P, H,, (W(h)) =
e " H, (W(h)), for any n > 0, h € H, and this suffices to identify the
action of P; on any Wiener chaos.

By the definition of P,F we have
2
P,F = / exp <6_t)\W(h) +vV1—e2 )z — %) w1 (dz)
R

—2t\2
— exp <et)\W(h) _eA ) .

2

In terms of the Hermite polynomials, this last expresion is equal to

> e N H, (W (R)) =) e "I, F.
n=0 n=0
But J,(F) = \"H,, (W (h)), therefore the Proposition is proved. O

Definition 3.1 The Ornstein-Uhlenbeck operator L is the infinitesimal
generator of the semigroup (P, t > 0).

We are going to prove that

Dom L = {F € LX(Q) Y 0P| F|; < oo} ,

n=1
where || - || denotes the L?(£2)-norm, and
LF =) (—n)Ju(F). (3.5)
n=0

Indeed, assume first that F' satisfies the condition Y >° ; n? H InF H; < oo0.
Then the operator L defined by (3.5) makes sense and satisfies

E<‘% (PF—F) - LF‘2> - i(% (e —1) + n)ZHJnFHZ.
n=0

This last expresion tends to zero as ¢ — 0. In fact, lim_, %(e‘"t -1)
+n = 0 and (e — 1) < n. Thus the result follows by bounded
convergence. This shows that L is the infinitesimal generator of the
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22 The derivative operator

semigroup (P, ¢t > 0). Conversely, assume that lim;_q %(PtF -F)=G
in L2(Q). Then clearly,

1
InG = }/in(l) m (P J,F — J,F) = —nJ,F.

Therefore, F' satisfies > 7, n2HJnFH§ < oo and LF = G.
For any F € P, p € [1,00), k € Z, consider the seminorm

|Fllep = || (1= L)ZF,. (3.6)

Note that (I—L)%F = Z;’lo:o(l—l—n)%JnF. Definition (3.6) is the infinite
dimensional analogue of (2.7). The results stated in Lemma 2.2 also hold
in our setting. In fact the proofs are exactly the same with ., replaced
by 1 (see ref. [68]). Let D¥P be the completion of the set P with respect
to the norm || - ||, defined in (3.6). Set

D> = ﬂ ﬂ DkP,

p>1k>0

This set is an algebra. Notice that, as in the finite dimensional case
(see Remark 2.1), we can extend the definition of the operator L to any
random variable in D*°.

3.2 The derivative operator

In this section, we introduce the infinite-dimensional version of the
gradient operator. The idea shall be to start with finite dimensional
random variables in a sense to be made precise and then, by a density
argument, to extend the definition to a larger class of random variables.
Let S be the set of random variables of the form

F=f(W(h),...,W(hy)), (3.7)

with f € C;°(R"), h1,...,hn, € H, n > 1. Sometimes, we shall take
f € C°(R™); in this case we shall write S instead of S. The elements
of § are called smooth functionals.

We define the operator D on S, with values in the set of H-valued
random variables, by

DF = anaif(W(hl), o W () i (3.8)

i=1
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The Basic Operators of Malliavin Calculus 23

Fix h € H and set
F = (W) + (k) oo W () + (s By ).

e > 0. Then it is immediate to check that (DF,h)y = (d/de)FEhL:O.
Therefore, for smooth functionals, D is a directional derivative. It is

also routine to prove that if F, G are smooth functionals then, D(FG) =
FDG + GDF.

Our next aim is to prove that D is closable as an operator from LP(€2)
to LP(Q2; H), for any p > 1. That is, if {F,,n > 1} C S is a sequence
converging to zero in LP({2) and the sequence {DF,,,n > 1} converges
to G in LP(2; H), then G = 0. The tool for this is a simple version of
the integration by parts formula.

Lemma 3.2

For any F €S, h € H, we have

E((DF,h), ) = E(FW(h)). (3.9)

Proor

Without loss of generality, we shall assume that
F= f(W(hl), e ,W(hn)),
where hq,...,h, are orthonormal elements of H and hy = h. Then
B((DF.hy,,) = / o0 f (%) pin o)
RTL
= f(@)21 0 (dz) = E(FW (h1)).

]Rn

The proof is complete. g

Let F,G € S. Applying formula (3.9) to the smooth functional FG
yields

E(G(DF.h),,) = ~E(F(DG,h),,) + E(FGW(h)).  (3.10)
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24 The derivative operator

With this result, we can now prove that D is closable. Indeed, consider
a sequence {F,,,n > 1} C S satisfying the properties stated above. Let
h € H and F € Sy such that FW (h) is bounded. Using (3.10), we obtain

E(F(G,h),) = lim E(F(DF,,h),)

n—oo

~ lim E(—Fn<DF, h), + FnFW(h)) ~0.

Indeed, the sequence (Fj,,n > 1) converges to zero in LP and (DF, h)y,
FW (h) are bounded. This yields G = 0. O

Let DY be the closure of the set S with respect to the seminorm

1

IFIL, = (E(FP) + E(IDFIR))" . (3.11)

The set D' is the domain of the operator D in LP(€2). Notice that
D' is dense in LP(Q). The above procedure can be iterated as follows.
Clearly, one can recursively define the operator D¥, k € N, on the set S.
This yields an H®*-valued random vector. As for D, one proves that
D¥ is closable. Then we can introduce the seminorms

1
k P
IFl, = | BUFP) + > E(ID7FIlGe) | - (312)
j=1

p € [1,00), and define the sets D*? to be the closure of S with respect
to the seminorm (3.12). Notice that by definition, D/4 C D* for k < j
and p < ¢. A natural question is whether the spaces D*? and DFkP,
defined in Section 3.1 by means of the operator L, do coincide. The
answer is positive. This fact is a consequence of Meyer’s inequalities
—a deep mathematical result proved by Meyer in refence [37]. For the
sake of completeness, we quote here this result without proof. The reader
interested in the details is referred to reference [37] (see also ref. [44]).

Theorem 3.1
Let p € [1,00), k € N. There exist positive constants cyp, Ci p, such
that for any F € S,

erpB (| D*F|[er) < IFIE, < Crp(IFI )" (3.13)
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The Basic Operators of Malliavin Calculus 25

Our next purpose is to determine the action of the operator D on
each Wiener chaos. First let us make an observation. The Wiener chaos
expansion developed in Section 3.1 can be extended to the more general
setting of L%(€; V), where V is a Hilbert space. Indeed, the following

holds:
=D Ha(V
n=0

with H, (V) = Hp @ V.

Proposition 3.3

A random wariable F € L2?(Q) belongs to D2 if and only if
Elen“JnF“g < 0o. In this case

D(Jn(F)) = Jn—l(DF)
and e

E(|DFIE) =Y nllJnF ;.

n=1

PRrROOF

Consider the multiple Hermite polynomials H, defined in (3.2).
Then,

DH, = \/az H H,, (W(ei))Hajfl (W(ej))€j>
=1 jii

because H) = H,_1. Notice that if |a| = n then DH, € H,_1(H).
Moreover,

B(||pHa|l5,) = fj “ 1)!=§aj=|a|.

]:1 ];éi al)!(aj -
This proves the result for F = H,, which suffices to finish the proof. [

The following extension of the spaces DF? will be needed subse-
quently. Let Sy be the set of smooth random vectors taking values in
V of the form

n
F=> Fu;, v €V, FeS j=1,...,n
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26 The integral or divergence operator

By definition, the k-th derivative of F is given by DFF =
Z?:l Dij ® v;. As before, one can prove that D* is a closable op-
erator from Sy C LP(€; V) into LP(; H®* ® V), p > 1. Then, for any
k €N, p € [l,00), we introduce the seminorms on Sy given by

k
IFIZ,y = EQFI) + 3 E(IDF|hes 0 )-
j=1

Then D*P(V) is the completion of the set Sy with respect to this norm.
We define D> = ;51,5 DFP (V).

3.3 The integral or divergence operator

We introduce in this section an operator which plays a fundamental
role in establishing the criteria for existence and uniqueness of densities
for random vectors. As shall be explained later on, it corresponds to the
infinite dimensional analogue of the operator d,, defined in (2.11).

The Malliavin derivative D introduced in the previous section is an
unbounded operator from L?() into L?(Q; H). Moreover, the domain
of D in L?(Q2), D2, is dense in L?(Q2). Then, by an standard procedure
(see for instance ref. [69]) one can define its adjoint 0.

Indeed, the domain of the adjoint, denoted by Dom §, is the set of
random vectors u € L?(€; H) such that for any F € D2

[E((DF, uyi)| < el F)l2.

where ¢ is a constant depending on w. If v € Domd, then du is the
element of L?(Q) characterized by the identity

E(Fé(u)) = E((DF,u)n), (3.14)

for all F € D12,

Equation (3.14) expresses the duality between D and §. It is called
the integration by parts formula. The analogy between § and 9y,
defined in (2.11) can be easily established on finite dimensional random
vectors of L2(%; H), as follows.

Let Sy be the set of random vectors of the type

u = Zn:thj,
j=1

where F; € S, hj € H, j =1,...,n. Let us prove that « € Dom .
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The Basic Operators of Malliavin Calculus 27

Indeed, owing to formula (3.10), for any F' € S,

ZE( (DF.hj) )
gE(‘E( F(DFj, h;) )‘ ‘EFFW(h))D

< C[|F]l2-

‘ ((DF,uy ‘—

Hence u € Dom §. Moreover, by the same computations,

ZF W (h Z(Dﬂ,hj>H. (3.15)
7=1
Hence, the gradient operator in the finite dimensional case is replaced
by the Malliavin directional derivative, and the coordinate variables x;
by the random coordinates W (h;).

We have seen in Proposition 3.3 that the operator D decreases by
one the Wiener chaos order. Its adjoint, §, does the opposite. We shall
come back to this fact later.

REMARK 3.3 The divergence operator or Skorohod integral coincides
with a stochastic integral introduced by Skorohod in reference [62]. One
of the interesting features of this integral is that it allows non-adapted
integrands. We shall see in the next chapter that it is actually an ex-
tension of It6’s integral.

3.4 Differential calculus

In this section we prove several basic calculus rules based on the
three operators defined so far. The first result is a chain rule.

Proposition 3.4

Let ¢ : R™ — R be a continuously differentiable function with
bounded partial derivatives. Let F = (F',... F™) be a random
vector whose components belong to DYP for some p > 1. Then
¢(F) € D' and

D(p(F)) = Z dip(F)DF". (3.16)
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28 Differential calculus

The proof of this result is straightforward. First, we assume that
F € S; in this case, formula (3.16) follows by the classical rules of
differential calculus. The proof for ' € D? is done by an approximation
procedure.

The preceding chain rule can be improved to ¢ Lipschitz. The tool
for this extension is given in the next Proposition.

Proposition 3.5

Let (F,,n > 1) be a sequence of random variables in DY converging
to F in L?(Q2) and such that

supE(HDFnHZ) < 00. (3.17)

Then F belongs to DY2 and the sequence of derivatives (DFy,n > 1)
converges to DF in the weak topology of L?(2; H).

Proor

The assumption (3.17) yields the existence of a subsequence
(Fn,,k > 1) such that the corresponding sequence of derivatives
(DF,,,k > 1) converges in the weak topology of L%(Q; H) to some
element n € L%(Q;H). In particular, for any G € L?(Q;H),
limkﬂooE(<DFnk,JlG>H) = E((n, JZG>H), where J; denotes the pro-
jection on the [-th Wiener chaos H; ® H, [ > 0.

The integration by parts formula and the convergence of the sequence
(Fy,n > 1) yield

lim B((DFy, JiG)y ) = lim E(Fyd(5G))
= B(F3(J/G)) = E((DF,JiG) ).

Hence, every weakly convergent subsequence of DF,,,n > 1, must con-
verge to the same limit and the whole sequence converges. Moreover,
the random vectors 7 and DF' have the same projection on each Wiener
chaos; consequently, n = DF as elements of L?(Q; H). O

Proposition 3.6

Let o : R™ — R be a globally Lipschitz function and F =
(F,...,F™) be a random vector with components in DY2. Then
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o(F) € DY%. Moreover, there exists a bounded random vector
G = (G1,...,Gy) such that

D(p(F)) = Em: G;DF". (3.18)
=1

PRrROOF

The idea of the proof is as follows. First we regularize the func-
tion ¢ by convolution with an approximation of the identity. We apply
Proposition 3.4 to the sequence obtained this way. Then we conclude
by means of Proposition 3.5.

Let o € C3°(R™) be non-negative, with compact support and
Jgm a(x)dz = 1. Define ay(z) = n™a(nz) and ¢, = ¢ * a,. It is
well known that ¢,, € C*> and that the sequence (p,,n > 1) converges
to ¢ uniformly. In addition V,, is bounded by the Lipschitz constant
of .

By Proposition 3.4,
m .
D(pn(F)) =Y dipn(F)DF". (3.19)
i=1

Now we apply Proposition 3.5 to the sequence F,, = ¢, (F). It is
clear that lim, .o, ©n(F) = ©(F) in L?(Q2). Moreover, by the bounded-
ness property on V,, the sequence D(cpn(F)), n > 1, is bounded in
L*(; H). Hence ¢(F) € D? and D(pn(F)), n > 1 converges in the
weak topology of L*(€%; H) to D(¢(F)). Since the sequence Vi, (F),
n > 1, is bounded, a.s., there exists a subsequence that converges to some
random bounded vector G in the weak topology of L?(§); H). Passing
to the limit in (3.19), we finish the proof of the Proposition. O

REMARK 3.4 Let ¢ € C°(R™) and F = (F',...,F™) be a random

vector whose components belong to () )]D)l’p . Then the conclusion

pE(1,00
of Proposition 3.4 also holds. Moreover, ¢(F) € (e[ 00) DbP

The chain rule (3.16) can be iterated; we obtain Leibniz’s rule for
Malliavin’s derivatives. For example, if F is one-dimensional then

k V4
D*(p(F)) = e (p) [[ DI, (3.20)
i=1

=1 Py
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30 Differential calculus

where Py denotes the set of partitions of {1, ..., k} consisting of ¢ disjoint
sets p1,...,pe, £ =1,...,k, |p;| denotes the cardinal of the set p; and ¢y
are positive coeflicients.

For any F' € DomD, h € H we set DpF' = (DF,h)g. The next
propositions give important calculus rules.

Proposition 3.7
Let u € Sg. Then

Dy (6(u)) = (u,h) g + 6(Dpu). (3.21)

Proor

Fix v = E;‘:lehj, F; €S, hj e H j=1,...,n. By virtue of
(3.15), we have

n

Dy (0(u)) = Z((DhFj)W(hj) + Fj(hj, h) = (D(DpF), hj>H>'
j=1

Notice that by (3.15),

n

5(Dyw) = > ((DLE)W (hy) = (D(DLE;) By ) ). (3.22)
j=1
Hence (3.21) holds. O

Proposition 3.8
Let u,v € DY2(H). Then

E(8(u)d(v)) = E({u,v) i) + E(tr (Du o Dv)), (3.23)

where tr (Duo Dv) = 337 D, (u, ei>HDei<v, ej>H, with (e;,1 > 1)
a complete orthonormal system in H.
Consequently, if u € DY2(H) then, u € Domd and

E(5(w)” = E(Jul}) + E(|Dull}ign)- (3.24)
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Proor

Assume first that u,v € Sg. The duality relation between D and ¢
yields

E(3()o) = E((v. D)) ) =E (i@, &) De, (5(@)) .

i=1

Owing to (3.21), this last expression is equal to

E<i<v,ei>H<<u, e}y + 6(Deiu))> .

i=1

The duality relation between D and § implies
E((eeduitp.) = £((Pu i)
— ZE(< e (U, €5) e D<”’ei>H>)

B0 Do ).

Mgl

<.
Il
—

This establishes (3.23) and for u = v this implies (3.24).

The extension to u,v € D¥?(H) is done by a limit procedure. O

REMARK 3.5 Proposition 3.8 can be used to extend the validity of
(3.21) to u € D?%(H). Indeed, let u,, € Sy be a sequence of processes
converging to u in D*2(H). Formula (3.21) holds true for u,. We can
take limits in L?(Q; H) as n tends to infinity and conclude, because the
operators D and § are closed.

Proposition 3.9
Let F € DY2, uw € Dom§, Fu € L3(Q; H). If Fé(u) — (DF,u)y €
L?(R), then

O0(Fu) = Fé(u) — (DF,u)p. (3.25)
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Proor

Assume first that F' € S and u € Sg. Let G € S. Then by the dual-
ity relation between D and § and the calculus rules on the derivatives,
we have

E(G§(Fu)) = E((DG, Fu)n)
({u, (D(FG) - GDF) >H)

E
EB(G(Fs(u) ~ (u, DF),)).

By the definition of the operator §, (3.25) holds under the assumptions
of the proposition. O

Proposition 3.10

Let F € L*(Q). Then F € Dom L if and only if F € D2 and
DF € Dom . In this case

5(DF) = —LF. (3.26)

Proor

Assume first that F' € Dom D and DF € Dom . Let G € §. Using
the duality relation, Proposition 3.3 and (3.5) we obtain

E(G§(DF)) = E((DG, DF) ) = i nE(J,GJ,F)

n=0

—F <G f: anF> = —E(GLF).

n=0

Thus, F' € Dom L and LF = —§(DF).

Reciprocally, assume that F' € Dom L. Then ) 2 | n2HJnFH; < 00.
Consequently, by Proposition 3.3 F' € Dom D and, by the previous com-
putations

E(GLF) = —E((DG, DF)y).

Moreover,
|E(GLF)| < |G|z [|LF |2 < oc.

Consequently, DF' € Dom 6.
This finishes the proof. O
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As a consequence of this proposition and Proposition 3.3, the diver-
gence operator increases by one degree the Wiener chaos order. The
next result shows that L is a kind of second order differential operator.

Proposition 3.11

Let F = (FY,...,F™) be a random vector with components in D*%.
Let ¢ € C%2(R™) with bounded partial derivatives up to the second
order. Then ¢(F) € Dom L and

m m

L(e(F)) = Y (8;0)(F){(DF",DFI) . + > (9ip)(F)LF". (3.27)

i,5=1 i=1

Proor

For the sake of simplicity, we shall give the proof for m = 1. Suppose
that F' € S, F f( (h1),...,W(hy)). Then, by virtue of Proposition
3.10, (3.16), ) and (3. 15) we obtain

~5(D(#(F))) = ~3(¢'(F)DF)

5<¢ En:&f (hn))m)
-

n

) gp’(f(W ..,W(hn)))aif(W(hl),...,W(hn))hi>

=1
n

==Y 0o /YW (h),..., W (hy)) W (h;)
i=1

+ > 0i(p0 YW (), ..., W(hn))(hi.h;).

ij=1

Hence (3.27) holds for smooth random variables. The extension to
F € D?* follows by a standard approximation procedure. U

3.5 Calculus with multiple Wiener integrals

In the previous sections, we have introduced three fundamental op-
erators defined on spaces related with a Gaussian space. We have given
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34 Calculus with multiple Wiener integrals

their actions on any Wiener chaos. In this section, we aim to go further
in this direction when considering the special case H = L%(A, A,m).
The particular feature of this example is that the Wiener chaos can be
described in terms of stochastic integrals —the It6 multiple stochas-
tic integrals. Therefore, the action of the operators and their domains
can be described in terms of conditions on these integrals. We gain
in operativeness because additional tools of stochastic calculus become
available. For the sake of completeness we start with a very short ac-
count on multiple It6-Wiener integrals and their role in the Wiener chaos
decomposition. For complete details on the topic we refer the reader to
the original work by It6 [20] (see also ref. [43]).

The framework here consists of a separable o-finite measure space
(A, A,m), the Hilbert space H = L?(A, A, m) and the white noise W =
(W(F),F € A) based on m. We assume that the measure m has no
atoms.

The multiple Ité-Wiener integrals are defined as follows. Let &, be
the set of deterministic elementary functions of the type

k
f(tla"'atn) = Z Ajr,yesiin lAjIX---XAjn(tla"'vtn)a
j17"'7jn:1
where A;,,..., Aj, are pairwise-disjoint elements of A with finite mea-
sure; the coefficients a;, . ;. vanish whenever two of the indices ji, ..., j,

coincide.

For this class of functions, we define

k
L= Y aj WA W(4,).

jl:"'7jn:1

For any function f defined on A™, we denote by f its symmetrization.
I, defines a linear map from &, into L?(Q2) which satisfies the following
properties:
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The set &, is dense in L?(A") and I,, extends to a linear continuous
functional, defined on L?(A™), taking values in L?(2).

Assume that A = Ry, A is the corresponding Borel set and m is
the Lebesgue measure. Let f € L?(A") be a symmetric function. The
multiple It6-Wiener integral I,,(f) coincides in this case with an iterated
1t6 integral. That is,

oo ptn t2
L.(f) :n!/ / o | s ) AW - dW . (3.28)
0 0 0

Indeed, this is clear for elementary functions of the type described above,
and for general f, we use a density argument. Notice that It6’s integral
satisfies the same isometry property as the multiple Ito-Wiener integral.

One of the basic results in It6’s paper states that the n-th Wiener
chaos H,, coincides with the image under I,, of L?(A"). That is, for
any F € L?(Q), the projection J,,(F) can be written as I,,(f,), for some
fn € L*(A™). This leads to the following form of the Wiener chaos
decomposition:

F= B(F)+ 3 L), (329
n=1

with f,, € L2(A™) symmetric and uniquely determined by F.

Owing to (3.5) and (3.29), we have the following result:

Proposition 3.12
A random vector F € L%(Q) belongs to the domain of L if and only if

> 712
> ”2”!anHL2(Am) < 00,
n=1

and in this case,

LF =) —nln(fn).

n=1
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The corresponding result for the derivative operator is as follows:

Proposition 3.13
A random vector F € L?(Q2) belongs to the domain of D if and only if

Z””!anui'z(f;m) < 09,
n=1

and in this case,

DtF = ZnIn—l(fn('at))v (330)
n=1

for allt € A.

PRrROOF

The characterization of the domain follows trivially from Proposi-
tion 3.3. Hence only (3.30) must be checked. Clearly, it suffices to prove
that

Dt[n(fn) - nIn—l(fn('at))- (3.31)
Assume first that f,, is an elementary symmetric function. Then

n k
Diln(fa) = D ajguW(Ag) - 1ay, (1) W(A;,)

=1 j1,...,jn=1
- ’I’LIn,1 (fn(a t)) .

For a general f, € L?(A™), the result follows easily by an obvious ap-
proximation argument. U

We recall that for F' € D12, the derivative DF belongs to L*(Q; H).
In the setting of this section L?(€; H) ~ L?*(Q x A); thus DF is a
function of two variables, w € ) and t € A. As usual, we shall not write
the dependence on w. We note DF'(t) = D F.

Finally we study the divergence operator.

Proposition 3.14
Let u € L?(2 x A) with Wiener chaos decomposition

u(t) = Z I, (fn(a t)) c
n=0
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We assume that for each n > 1, f, € L*(A™) is a symmetric
function in the first n variables. Then u belongs to Domd if and
only if the series

n=0

converges in L*(SY), and in this case
5(“) = ZIn-i—l(fn) = Z In+1(fn)7 (3.33)
n=0 n=0

where fn denotes the symmetrization of f, in its n + 1 variables.

PRrROOF

It is based on the duality relation between D and §. Let F = I,,(f),
with f symmetric. The orthogonality of the It6 integrals yields

E((u, DF)) —/AE(In_l(fn_l(.,t))nfn_l(f(.,t)))m(dt)

= 0= 1) [ (FuaCot) S0 ooyl
= n!<fn71> f>L2(An) = n!<fn71> f>L2(An)
= E(In(fa-1)1n(f)) = E(Lu(fa-1)F).
Assume that uw belongs to Dom . The preceding equalities show that

on the Wiener chaos of order n, n > 1, §(u) = In(fn_l). Thus the series
(3.32) converges in L?(€2) and (3.33) holds true.

Assume now that the series (3.32) converges. Then, by the arguments
above, we obtain

Z In(fnfl)

n=1

|E((u, DF) )| < |IFl2 < C|IF )

2

Hence u € Dom 6 and the formula (3.33) holds. O

We mentioned in Remark 3.5 that the formula (3.21) can be extended
to random vectors u € D??(H). We are going to show that, in the
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context of this section, (3.21) holds in the less restrictive situation u €
DY2(H). This is the goal of the next statement.

Proposition 3.15

Let uw € DY2(H). Assume that for almost every t € A, the process
(Diu(s), s € A) belongs to Dom o and there is a version of the process
(6(Dyu(s)),t € A) which is in L*(Q x A). Then éu belongs to D'?
and

Dy (6(u)) = u(t) + 6(Dyu), (3.34)

for allt € A.

PROOF
Let u(t) = > o0 o In(fa(-,t)). Then Propositions 3.13 and 3.14 yield

Dy(6(u)) = Dy <Z In+1(fn)> =Y (4 DI (ful-1))
n=0

n=0
=u(t)+ Y I <an(t1,...,ii,...,tn,t,ti)> :
n=0 i=1

Moreover,

In <Z fn(tla o 7£i7 oo 7tn7t7ti)> - nIn(@n(ata ))7
i=1

where @, (+,t,-) denotes the symmetrization of the function

(1, tn) — falte, - tno1,t,tn).

Let us now compute 6(D;u). By virtue of Propostions 3.13 and 3.14 we
obtain

5(Dtu) =0 (Z nlnfl(fn('vt’ 5))

n=1

= Z nIn(gpn(-, t, ))
n=1

Thus the formula (3.34) is completely proved. O
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3.6 Local property of the operators

In this section, we return to the general context described at the
beginning of the chapter.

Let A € G. An operator O defined on some space of random variables
possesses the local property if, for any random variable F' such that
F =0a.s. on A, one has O(F) =0 a.s. on A.

We shall prove that the derivative operator D has this property. By
duality, the property transfers to the adjoint §. Finally, Proposition 3.10
yields that L is also a local operator.

The results of this section will not be used very often in the remain-
der of this book. However, they deserve to be presented. The local
property of these operators makes it possible to formulate weak versions
of Malliavin criteria for existence and smoothness of density that are
specially suitable for some classes of SPDE’s.

Proposition 3.16

The derivative operator D has the local property on the space DV1.

PRrROOF

Let F € D' N L>*(Q) and A € G be such that F = 0, a.s. on A.
Consider a function ¢ € C*, ¢ > 0, p(0) = 1, with support included in
[—1,1]. Set pc(z) = (%), € > 0. Let

V@)= [ edy)dy
The chain rule yields ¥ (F) € DY and DY (F) = . (F)DF.

Let v be an H-valued random variable of the form

u = Zn:F’jhj,
j=1

with F; € &,. We notice that the duality relation between D and ¢ holds
for F € DY N L>(Q) and u of the kind described above. Moreover, u
is total in L'(Q; H), that is, if v € L'(Q; H) satisfies E((v,u)y) = 0 for

every u in the class, then v = 0. Therefore,
‘E(ng(F)(DF, u)H)‘ _ ‘E(<(D(\I/E(F)),u>H)‘
= [B(vaF)sw)| < diell<B(|ow)]).
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Taking limits as € tends to zero, we obtain
E(l(on) <DF, U>H) =0.

Finally, we notice that by replacing F' by arctan F', the restriction F' €
L>(Q) can be removed. Actually, instead of the function arctan one
could take any bounded function f : R — R such that f(0) = 0. The
proof is complete. (]

We now study the corresponding property for the divergence opera-
tor.

Proposition 3.17
The operator § is local on DV2(H).

PRrROOF

Let ¢ be a function defined as in the previous proposition and F' be
a smooth functional of the form

F=f(W(hi),...,W(hy)),

with f € C5°(R™). Then for any v € DV?(H), Fep,(|lul|}) belongs to
D2, By duality,

B () Fec(lul}))
= E((w,D(Fec(lul)) )
= B(pe(ull) fu DF) i) + 28l (lullf) (. Du) ).
Consider the random variable
Xe = ee(|lulfy) (w, DF) i+ 2F L (Jully) {w, D

Assume that u(w) =0, P a.s. on A. Then, as ¢ — 0, X, — 0 a.s. on A.
Moreover,

ee(llull?) (u, DF)H‘ < llelloollullz [DF | s,

@;(Huu%{)w,mm{ < suplag(2)|| Dullzon < ||¢'llo | Dull on-
x

Hence, by bounded convergence, we conclude. U
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The local property of the operator D makes it possible to define
localized versions of the domains of this operator in LP(12).

Indeed, let V be a Hilbert space; we define ]D)fo’f (V') as the set of
V-valued random vectors such that there exists an increasing sequence
Q, C Q, and a sequence F;, € D*P(V), n > 1, such that

1)Q, 19, as.
2) F, = F on Q,.
For F € ]Dk’p(V), we define DF = DF,, on €,. The local property

loc
of D ensures that this is well defined. Analogously, if u is an element
of Dllo’i(H), we define §(u) = d(u,,) on Q,. Remember that DV2(H) C

Dom 6.

COMMENTS

This chapter requires knowledge of 1t6’s results on multiple stochastic
integrals and their role in the Wiener chaos decomposition. They are
proved in reference [20]. One could entitle this chapter “Essentials of
Malliavin Calculus”. Indeed, it is a very brief account of a deep and
large theory presented in a quite simplified way. Since the seminal work
by Malliavin [33], there have been many contributions to understand and
develop his ideas using different approaches. We would like to mention
here some of them in the context of Gaussian spaces and in the form of
courses and lecture notes. In chronological order they are refences [63],
[68], [11], [9], [48], [19], [43], [65], [34] and [44].

In view of the applications to SPDE’s with coloured noise, we have
presented the basic notions of Malliavin Calculus in the general setting
of a Gaussian process indexed by a Hilbert-valued parameter. Our main
references are [68] and [44].

3.7 Exercises

3.7.1
Let g € L*([0,T]) and set ||g|| = |lgllz2(jo,77). Consider the random

variable .
1
X =e [ awawe - 5 la?).

where W is a standard Wiener process. Show that the projection of X
on the n-th Wiener chaos is

T
%x—HWWﬁ<&i$%T§>.
g
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3.7.2
Prove the following identities, where the symbol § denotes the Skorohod
integral.

T
1)/0 W(T)6W (t) = W(T) —T.

T
2) /0 W(t) [W(T) — W (8)]6W (1) = % (W3(T) — 3TW(T)).

Hint: Apply the results of Section 3.5 in the particular case where
A =10,T], A is the Borel o-algebra of sets of [0,7] and m is Lebesgue
measure.

3.7.3
Consider the framework of Section 3.5. Let F' be a random variable
belonging to the domain of D", the n-th iterate of D. Prove Stroock’s
formula ( )
E(D} F
Falty, ... ty) = ——eint,
n!

Hint: Apply recursively formula (3.30).
3.7.4
Let (Wt,t € [O,T]) be a standard Wiener process. Find the Malliavin
derivative of the following random variables:

1) F = exp(Wy),

2) F = /OT </0t2 cos(ty + tz)dW(t1)> AW (t),

3) F = 3W, W7 +log(1 + W2),

/ Wi oW,

s,t €[0,T].

3.7.5

Let (Wt, t €0, 1]) be a standard Wiener process. Prove that the random
variable X = sup¢jo 1] W belongs to D2 and DX = 1jy (t), where 7
is the a.s. unique point where the maximum of W is attained.

Hint: Consider a countable dense subset of [0, 1], (¢;,7 € N). Set

Xn, = max Wi, and ¢,(x1,...,2,) = max(xy,..., o).
0<i<n

Prove that ¢, (X,) € D*? and apply Proposition 3.5.
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3.7.6

Consider the Gaussian space associated with a standard Wiener process
on [0,1). Let f(w,t) = S0 ¢ila, by, v,y (), u € L2([0,1],D2), M, =
d(ulpy), t €0,1]. Prove that fu € Dom§ and

n—1

5(fu) = Z G lAi(Mti+l - Mti)'

=0

Hint: Use the definition of the adjoint operator § together with an
approximation for 14, (see ref. [22]).
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CHAPTER 4

Representation

of Wiener Functionals

This chapter is devoted to an application of the Malliavin calculus
to integral representation of square integrable random variables. The
starting point is the renowned result by [t6 which we now quote.

Let W = (Wt € [0,T]) be a standard one-dimensional Wiener
process. Consider a random variable F' that is measurable with respect
to the o-field generated by W. Then there exists a measurable and
adapted stochastic process @, satisfying

E</0T<I>2(t)dt> < 00

F=EF)+ /T O(t) dW,. (4.1)
0

and such that

We shall prove that if F' has some regularity in the Malliavin sense,
then the kernel process ® admits a description in terms of the Malliavin
derivative of F'. We shall apply this kind of result to the analysis of
portfolios in finance.

In the application of this technique, we face the following question:
Is the Ité integral consistent with the Skorohod one? That is, if a process
is integrable in the sense of It6, does it belong to Dom §, and do both
integrals coincide? The first section of this chapter is devoted to this
question.

© 2005, First edition, EPFL Press



46 The It6 integral and the divergence operator

4.1 The It6 integral and the divergence operator

For any G € A, we denote by F¢ the o-field generated by the random
variables W(B), B € A, B C G.

Lemma 4.1

Let W be a white noise based on (A, A,m). Let F be a square
integrable random variable with Wiener chaos representation F =
Yoot o In(fn). Then, for any G € A,

E(F | Fg) = ZI (fn15M). (4.2)

PRrROOF

It suffices to prove the lemma for F = I,(f,), where f, € L?(A")
and is symmetric. Moreover, since the set &, of elementary functions is
dense in L%(A™), we may assume that

fn — lBl><---><Bna

where By, ..., B, are mutually disjoint sets of A having finite m measure.
For this kind of F', we have

E(F | Fq) = E(W(By)--- W(By) | Fa)
— E(ﬁ(W(Bi NG)+W(B;,NGY)) | fc)
i=1

=1, (I(BlmG)x---x(BnﬂG))’

where the last equality holds because of independence. Therefore the
lemma, is proved. O

Lemma 4.2

Assume that F € D2, Let G € A. Then E(F | Fg) € D2 and
E(F | Fg) = E(D¢F | Fa)la(t).

Hence, if in addition F is Fg-measurable, then D;F vanishes almost
everywhere in  x G€.
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PRrROOF

By virtue of Lemma 4.1 and Proposition 3.13, we have

E(F | Fo) = ann H(faC 013" ) 16(0)
::Exlkfjlfb)lc()-
If F'is Fg-measurable, then the preceding equality yields
DF = DiF14(t).

Hence (DyF)(w) =0 if (w,t) € 2 x G°. The lemma is proved. O

Lemma 4.3

Let G € A, m(G) < oco. Let F' be an Fge-measurable random variable
in L?(Q). Then the process F1¢g belongs to Dom § and

§(F1g) = FW(G).

PRrROOF
Assume first that F' € S. Then, by (3.15), we have

I(F1lg) = / DF15(t)m(dt).

By the preceding Lemma, [, D;F 1g(t)m(dt) = 0. Hence the result is
true in this particular situation. Since S is dense in L?() and ¢ is
closed, the result extends to F' € L?(1Q). O

Consider the particular case H = L?(A, A,m), with A = [0,7] x
{1,...,d}. That is, the noise W is a d-dimensional standard Wiener
process. Let L2 be the class of measurable adapted processes belonging
to L%(Q x [0,T];RY). For any ® € L2, the Ité integral fo t)dWy is
well defined (see for instance ref. [57]). We now establish its relatlonshlp
with the Skorohod integral.

Proposition 4.1

We have L2 C Domé and on L2, the operator & coincides with the
1to integral.
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Proor

For the sake of simplicity, we shall assume that W is one-dimensional.
Let u € L2 be a simple process:

ZFI )

where the F)j are square integrable, Fjo;j-measurable random variables
and0§t1<---<tm+1§T.

Lemma 4.3 yields « € Dom § and

=Y Fj(W(tjs1) - W(ty). (4.3)

Jj=1

Therefore, for elementary processes the It6 and the Skorohod integrals
coincide. The fundamental result in the construction of It6’s integrals
says that any u € L? is approximated in the norm of L?(2 x [0, T]) by a
sequence u,, of elementary processes for which (4.3) holds and we have

T T
/ u(t) dWy = L*(Q) — lim Uy (t) AW,
0 n—oo 0
= lim 0(uy).

Since d is closed, we conclude that v € Domd and d(u) =
fo t) dW. O

4.2 The Clark-Ocone formula

The framework here is that of a white noise on L? ([O, T],B ([O, T]) ) 6),
where ¢ denotes the Lebesgue measure. That is, the Gaussian process

is a standard one-dimensional Wiener process W. We denote by F; the
o-field f[(],t]a t €0,7].

Theorem 4.1

For any random variable F € D2,

T
F=EF)+ / E(DyF | F) dW. (4.4)
0
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Proor

Owing to Proposition 3.13 and Lemma 4.1, we have

B(D.F | i) = ZnE(n 1(fa50) | )
_ZnIn 1 fn tla"' n— 1;t)1(t1\/~~-\/tn71§t))'

Let u; = E(D.F | F;). By Proposition 3.14, the integral d(u) is com-
puted as follows:

ZTLI It otz 1at)1(t1v---vtn,1§t))s

I
M8i

n=1
— F - E(P),
where the superscript “s” means symmetrization in all the variables. In-

deed, f, is symmetric in its n variables and a simple computation shows
that (1(“\/.‘.\/%76@)8 = % Clearly, the process (u; = E(DyF/F;), t €
[0,77]) belongs to L2. Hence the integral §(u) is an It6 integral. This
proves (4.4). O

4.3 Generalized Clark-Ocone formula

In this section, we consider transformations of an m-dimensional
Wiener process by means of a drift. More precisely, let (6(t),t € [0,T1])
be an R"-valued process, Fi-adapted and satisfying Novikov’s condi-

(oo (1 [ ) < -
Z(t) = exp (— /(:0(3) dW, — %/Ot 62(s) ds> , (4.6)

_ /ta(s) ds + W (#), (@)
0

Set

© 2005, First edition, EPFL Press



50 Generalized Clark-Ocone formula

where 0 <t < T'. Define a measure on G = Fr by
dQ = Z(T)dP. (4.8)

Girsanov’s theorem states that W = (W(t),t € [0,T]) is a Wiener

process with respect to the probability . In addition W is an F;-
martingale with respect to @ (see for instance refs. [23] and [50]).

The purpose is to obtain a representation result in the spirit of the
previous Theorem 4.1 but with respect to the new Wiener process W.
A motivation for this extension is the pricing of options in finance, as
we shall see later.

In the sequel we shall write E for the expectation operator with
respect to the probability P and Eg for that with respect to @) defined
by (4.8).

REMARK 4.1 If F' is F;-measurable then D,F = 0 when s > ¢. This
is a trivial consequence of Lemma 4.2.

Theorem 4.2

Let F € DY? be an Fr-measurable random variable. Assume that for
a.e. any t € [0,T] the random variable DiF belongs to L'(Q), the
process 6 belongs to D2 (L?([0,T))) and Z(T)F € DY2. Then

F— Bo(F)+ /OT Eq <<DtF - F/tT Dif(s) dWS) | Ft) dvzlg)

Notice that Theorem 4.2 is not a trivial rephrasing of Theorem 4.1
because [’ is Fr-measurable and not necessarily measurable with respect
to the o-field Fr generated by the new Wiener process W.

Before giving the proof of Theorem 4.2, we need to establish some
auxiliary results, as follows.

Lemma 4.4

Consider two probabilities . and v on a measurable space (2, F).
Assume that dv = fdu, with f € L'(u). Let X be a random variable
defined on (Q, F) belonging to L'(v). Let Fo C F be a o-algebra.
Then

E,(X | Fo)Bulf | Fo) = Eu(FX | Fo). (4.10)
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Proor
Let B € Fy. By the definition of the conditional expectation,

[ Bax i mran= [ B | Fydr = [ Xav
— [ Xpdu= [ EurX| Fo)dn
B B

Using properties of the conditional expectation, we obtain

/B Ey(X | Fo)f dp = Ey(Bu(X | Fo)f 15)

- E, (EM(EV(X | Fo)f 15 | fO))
— EH(IBE,,(X | Fo)Eu(f | 7:0))

_ /BEV(X | Fo)Eu(f | Fo) di.

We conclude by comparing the two results obtained in the preceding
computations. O

Applying this lemma to Fy = F;, p = P, v = Q, defined in (4.8),
f = Z(T), defined in (4.6) and any G € L'(Q), we obtain the funda-
mental identity

EQ(G/F)Z(t) = E(Z(T)G/F), (4.11)

since Z(t) is an Fi-martingale in the space (92, F, P).
Let u € LZ. Assume that u € D"?(L?[0,7]). Then,

E </0Tdt/OTds|Dtu(s)\2> —E </0Td8/t<5 dt|Dtu(s)\2> < o0.

In particular, for almost every ¢ € [0, T], the process (Dtu(s), s €0, T])
belongs to L2 and fOT Dyu(s)dW, € L*(Q x [0,T]). Hence, Proposi-
tion 3.15 yields

D, </0Tu(s) dWS> = /OT Dyu(s) dWs + u(t),

= /T Dyu(s) dW + u(t). (4.12)
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Lemma 4.5

Let Q be the probability measure defined in (4.8), Z be the process
defined in (4.6). Let F € D2 and 0 be a stochastic process satisfying
(4.5) and 6 € DY?(L?[0,T]). Then the following identity holds:

Dy(Z(T)F) = Z(T) <DtF — F(H(t) + /t ' Dy0(s) dWs>> (4.13)

PRrROOF

By the chain rule,
Dy(Z(T)F) = Z(T)DyF + FDy(Z(T)). (4.14)

Using again the chain rule, Remark 4.1 and (4.12), we obtain

Di(Z(T)) = Z(T) <—Dt </OT 0(s) dWs> - % Dy </OT 02(s) ds>>
= Z(T) <— /tT D,0(s) dW, — 0(t) — /tT 0(s)D¢(0(s)) ds>

T
— 2(T) <— / D0(s) IV, — 0(t)> . (4.15)
t
Plugging this identity into (4.14) yields the result. g

We can now proceed to the proof of the generalized Clark-Ocone
formula.

PROOF OF THEOREM 4.2

Set Y (t) = Eq(F/F:). Since F is Fp-measurable, Y(T') = F. Let
A(t) = Z7Y(t). Notice that

A() = exp </Ot9(s) A, — %/Ot 62(s) ds> .

Hence A(t) satisfies the linear equation

dA(t) = A(t)6(t) dW;. (4.16)
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Applying (4.11) to G := F, the standard Clark-Ocone formula given
in Theorem 4.1 to F := E(Z(T)F | #) and Lemma 4.2 to F :=
E(Z(T)F | F;) and Fg := F, yields

Y(t)=A)E(Z(T)F | F)

= A(t) <E<E(Z(T)F | ft))
T
+ /0 E(D,E(Z(T)F | )

7,) dWS>

— A(%) <E(Z(T)F) + /Ot E(DS(Z(T)F) f5>dW5>
= A()U(),
where
U(t) = E(Z(T)F) +/0tE(Ds(Z(T)F) f5> AW,
By the It6 formula,
dY(t):U() () A(t) dU(t) + d(U, A
= Y (8)0(t) AW, + AW B(Dy(Z(T)F \ F) dw,
+ E(Dt ‘ ]—“t>A(t)0
= Y (8)0(t) AW, + A0 B(Dy(Z(T)F ‘ F) .

Indeed, by (4.16)
U(t) dA(t) = U#)A)0(t) dW; = Y (£)6(t) AW,

and
AU, A)y = E(Dt(Z(T)F) ‘ }})A(t)e(t) dt.

By (4.13), we get
dY (t) = Y ()0(t) dW;

A <E(Z(T)DtF | F) — E(Z(T)Fo(t) | F)

~-E <Z(T)F /tT Dy6(s)dW, >> dW;.
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Applying (4.11) first to G := D.F, then to G := F6(t) and G :=
FftT Dy6(s) dW,, we obtain

dY (t) = Eg <<DtF _F /tT D;6(s) dW(s)> ‘ ]-'t> AW,

Since Y (0) = Eq(F' | Fo) = E(F), the theorem is formally proved.
The above arguments are correct if the following assumptions are

satisfied:

1) FeD? Fe LY Q) and D,F € L'(Q), t-a.e.
T

2) 0 € DV2(L%([0,T))), FO(t) and F / Dy6(s) dW, in L(Q), t-a.e.
t

3) E(Z(T)F | 7) € D2

This can be checked from the assumptions of the theorem. Indeed, the
hypothesis Z(T)F € D2 implies F € L'(Q) and also E(Z(T)F | %) €
D2, because of Lemma 4.2. Moreover, the same hypothesis, together
with 6 € DY2(L2([0,T])) yield that FO(t) and F [ D;8(s) dW; belong
to L1(Q), t-a.e.

Hence, the theorem is proved. O

4.4 Application to option pricing

Consider two kind of investments, safe and risky. For example, bonds
belong to the first type and stocks to the second one. The price dynamics
for safe investments is given by

where p(t) is the interest rate at time ¢. We suppose A(t) # 0, t-a.s.

For risky investments, a standard model for the price dynamics is
dS(t) = p(t)S(t)dt + o(t)S(t) dW (1),

where W is a Wiener process and o(t) # 0, t-a.s.

We assume that the coefficients in the above equations are adapted
stochastic processes satisfying the appropriate conditions ensuring exis-
tence and uniqueness of solution.
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A portfolio consists of a random number of assets of each type —
safe and risky — and this number varies with time. Let us call them
&(t), n(t), respectively. The portfolio’s value at time ¢ is clearly given by

V(t) = EDA() +n(HS(). (4.17)
A portfolio is self-financing if
dV (t) = &(t)dA(t) + n(t)dS(t). (4.18)

Notice that by applying the It6 formula to (4.17), we do not obtain
(4.18). The condition means that no money is brought in or taken out
of the portfolio during the time interval we are considering. One problem
in option pricing consists of determining a portfolio (£(¢),n(t)) and an
initial value V(0) which at a future time T leads to a given value G,
called the payoff function. That is

V(T) =G, as. (4.19)

The form of G depends on the financial model. Later on, we shall give
the example of European calls.

From (4.17), we have

PERIUELUED)

)
Then, using the equation satisfied by A(t) and S(t), we obtain the fol-
lowing stochastic differential equation for the value process V:

AV (t) = (pOV (O + (u(t) = p(0)n()S(®)) dt +o(n(DS(E) dW (1)
(4.20)
Notice that the observed process is in fact (V(¢),n(t)) and must be
Fi-adapted and satisfy (4.19), (4.20).

This is a problem in Stochastic Backward Differential Equations (see
for instance ref. [52]). However this theory does not provide explicit
solutions. We shall see now how the generalized Clark-Ocone formula
does the job. We shall not specify all the necessary assumptions to
perform rigourously the next computations.

Define

W)uw—W)
)

o(t)
W@—Ae@@+wm
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By Girsanov’s Theorem, W is a Wiener process with respect to the
probability measure @ given in (4.8). We can write equation (4.20) in

terms of this new Wiener process as follows:
dV (t) = p(t)V (t) dt + o(t)n(t)S(t) dW (t).

Set

Owing to (4.21), we obtain

dU(1) = exp (— [ ot ds) o (£)n(t)S (1) d (1)

or equivalently,

exp <_ /O ) ds> V()

v+ [ oo (= [ oe)ds) sttmpsoav o,

Consider the random variable

P (- | ") is) 6

and apply formula (4.9). We conclude that

V(0) = Eq(F),
R (- [ #tras) atmorsio
= Eo <<DtF —F /tT Di0(s)dW (s) ‘ ]—“t>> .
Hence,

o0 = e ([ oo)ds) o 0570
x Eo <<DtF - F/tT Di0(s) dW (s) ‘ }}>> .

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

Therefore, the evolution of the number of risky assets can be computed
using the generalized Clark-Ocone formula and the characteristics of the

market.
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Examples 4.1

Consider the particular case where the coefficients p, u, o do not depend on

t and, in addition, o # 0. Then, since 6 is also constant, D = 0 and (4.26)
becomes

n(t) = exp(p(t —T))o 'S™' () Eq(D:G | ). (4.27)

Consider the particular case G = exp(aW(T)), a # 0. The chain rule of
Malliavin calculus yields

DG = aexp(aW(T)) Li<r = acexp(aW (T)).
Then (4.27) and (4.11) imply that
n(t) = aexp(p(t — T))U_lS_l(t)Z_l(t)E(Z(T) exp(aW(T)) ’ .7-}).

Consider the martingale M (t) = exp ((o — )W (t) — (v — 6)?t). Then,

Z(T)exp(aW(T)) = M(T) exp (g (e —6)% — 92)) ,

and consequently,

n(t) = aexp(p(t —T))o 'S™ ()2 (t)M(t) exp(%((a —0)? — 92)) .
(4.28)

The equation satisfied by the process S(t) is linear with constant coefficients;
therefore it can be solved explicitely. Indeed we have

2

S(t) = S(0) exp((u - %)t + UW(t)> . (4.29)

Substituting this expresion for S(¢) in (4.28), we obtain an explicit value for
n(t) in terms of a, p, p, o, @ and W(t), as follows,

n(t) = ac~tS(0) "' exp <p(t —T)+ (a— o)W (t)

T—t 0%T 02 + o2
g2 - 2L AN
+ 5 (a—0) 5 +< 5 u))

Let us now consider the same situation as in the preceding example
for the particular case of stock options called European call options.
This type of financial product gives the owner the right (but not the
obligation) to buy the risky stock with value S(7) at the maturity time
T at a fixed price K.

The strategy of the owner is as follows. If S(T') > K the profit is
S(T) — K and he will buy the stock. If S(T") < K he does not exercise
his right and the profit is zero. Hence

G = f(S(T)),
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with
f(@) = (z — K)*.

Our goal is to apply formula (4.27) for this particular random variable
G. Notice that the function f is Lipschitz. Moreover, from (4.29) it
clearly follows that S(T) € D%? and D;S(T) = oS(T). Thus, G € D2
(see Proposition 3.6). Actually DG can be computed by approximating
f by means of a sequence of smooth functions (see Proposition 3.5),
obtaining

DG =11 5y (S(T)) S(T)o. (4.30)
An alternative argument for checking (4.30) relies on the local property
of the operator D. Indeed, on the set A = {w; S(T)(w) < K}, G =0
and on A%, G =5(T) - K.

Thus, by (4.27),

n(t) = exp(p(t — T))S™ (1) B (S(T) ljcoe) (S(T)) | 1)

Computations can be made more explicit. Indeed, the process S(t) sat-

isfies S(0) = y and

dS(t) = uS(t)dt + oS(t) dW (t)

= pS(t) dt + oS(t) dW (2).

Therefore, S(t) is a diffusion process in the probability space (Q2, F, Q)
and hence it possesses the Markov property in this space. Moreover,

S(t) =5(0) exp<<p - %2> t+ 0W(t)> .
This yields
n(t) = exp(p(t — T))S~'(t)EY (S(T — ) L0 (S(T — t))) ‘y:m

= exp(p(t — T))S~1(t)EY (Y(T — 1) L ,00) (Y (T — t))) ‘y:s(t) ’

(4.31)

where E% denotes the conditional expectation Eg knowing that S(0) =y
and

2
Y (t) = S(0) exp < <p - %) t+ aW(t)> .
Since the law of W (t) is known, the value 7(t) can be written explicitely

in terms of quantities involving S(¢) and the normal distribution.
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Remember that 7(¢) is the number of units of the risky asset we
must have in the portfolio at any time ¢t < T in order to get the payoff
G = (S(T)—K)+, a.s. at time T, and V/(0) is the initial capital needed to
achieve this goal. Owing to (4.25), (4.24) and the previous computations,

V(0) = Eg(e "T'G) = e T Eq((S(T) — K)¥)
_ e*pTE<(Y(T) - K)+),

which, by the same arguments as before, can be computed explicitely.

The expression of V(0) given above is known as the Black-Scholes
pricing formula for European call options.

COMMENTS

Malliavin Calculus is currently being applied in the recent field of
stochastic financial mathematics. We have chosen here one of these
applications —the most well-known — to a problem in option pricing.
The choice was made on the basis of its theoretical interest. In fact,
it gives further insight to It&’s result on the representation of square
integrable random variables. We have followed the lecture notes [51].

The results of Section 4.1 are from Nualart and Zakai (see ref. [47]).
Theorem 4.1 has been proved in reference [49] (see also ref. [12]);
Theorem 4.2 appears in reference [24].

4.5 Exercises

4.5.1
Let W be a white noise based on (A, .A,m). Consider a random variable
F € Dom D¥ and G € A. Prove that

DyE(F | Fg) = E(D{F | F&) e (1.

Hint: This is a generalization of Lemma 4.2. Give an expression of the
iterated derivative in terms of the Wiener chaos decomposition which
generalizes Proposition 3.13.
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4.5.2
Using the Clark-Ocone formula (4.4), find the integral representation of
the following random variables (you can check the result by using It6’s

formula):

1) F = W*T),

2) F = W3(T),

3) F = (W(T)+T) exp(—W(T) - %T)
4.5.3

In the framework of the generalized Clark-Ocone formula (4.9), find the
integral representation with respect to the integrator W for the following
random variables:

1) F = W2(T), 6 deterministic,

T
2) F =exp (/ A(s) dW(S)), A, 0 deterministic,
0

3) F = exp < /0 Y dW(s)>, A deterministic and 6(s) = W(s).
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CHAPTER 5

Criteria for Absolute Continuity
and Smoothness
of Probability Laws

In Chapter 1, we gave general results ensuring existence and smooth-
ness of the density of probability laws. The assumptions were formulated
in terms of the validity of integration by parts formulae or related prop-
erties. The purpose now is to analyze under which conditions on the
random vectors these assumptions are fullfilled.

The underlying probability space is the one associated with a generic
Gaussian process (W(h), he H ), as described at the begining of Chap-
ter 3.

5.1 Existence of a density

Let us start with a very simple result whose proof relies on the ar-
guments of Section 2.3.

Proposition 5.1

Let F be a random variable belonging to DY2. Assume that the ran-
dom variable DF /|| DF||% belongs to the domain of & in L*(Q). Then
the law of F is absolutely continuous. Moreover, its density is given

’ =5t (i25))

and therefore it is continuous and bounded.
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Proor
We are going to check that for any ¢ € C°(R),

E(¢/(F)) = E<<p(F) 5(%)) . (5.2)

Thus (1.1) holds for G = 1 with H{(F,1) = 5(%). Then the results
H

follow from part 1 of Proposition 1.1.
The chain rule of Malliavin calculus yields D(p(F)) = ¢'(F)DF.

Thus,
o DF
A= <D(*”(F))’ ||DF||%{>H'

Therefore, the integration by parts formula implies
DF
B((F) = B((P(AF). e ),
) =B\ Tor

- #(t19(or;))

proving (5.2). O

REMARK 5.1 Notice the analogy between (5.2) and the finite dimen-
sional formula (2.16).

If n > 1, the analysis is more involved. We illustrate this fact in the
next statement. First we introduce a notion that plays a crucial role.

Definition 5.1 Let F':  — R™ be a random vector with components
Fi ¢ DY, j = 1,...,n. The Malliavin matriz of F is the n x n
matrix, denoted by 7, whose entries are the random variables v; ; =
(DF',DF’) ., i,j=1,...,n.

Proposition 5.2

Let F : Q — R™ be a random vector with components FJ € D2,
j=1,...,n. Assume that :

1) The Malliavin matriz v is inversible, a.s.

2) For everyi,j = 1,...,n, the random variables (y~1); ;DF belong
to Dom §.
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Then for any function ¢ € Cp°(R™),
with

25 1), ¢DF"). (5.4)

Consequently the law of F' is absolutely continuous.

PRrROOF

Fix ¢ € Cg°. By virtue of the chain rule, we have p(F) € D»? and

(D(e(F), DF") Z@k(p )(DF¥, DFY)

= Z O (F) Vi 05
=1

£=1,...,n. Since ~ is inversible a.s., this system of linear equations in
Okp(F), k=1,...,n, can be solved. That is,

n

dip(F) = Z<D(¢(F)), (’Y*l)z‘,zDF£>H, (5.5)

(=1

1=1,...,n, as.

The assumption 2) and the duality formula yields

S (1008 - 35D, (0,
=1

Hence (5.3), (5.4) is proved.

Notice that by assumption H;(F,1) € L?(£2). Thus part 1 of Propo-
sition 1.2 yields the existence of the density. U

Using Propositions 3.9 and 3.10, one can give sufficient conditions
ensuring the validity of the above assumption 2 and an alternative form
of the random variables H;(F, 1), as follows.
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Corollary 5.1

Assume that the Malliavin matriz v is inversible a.s. and for any
i,j = 1,...,n, FI € DomL, (y71);; € DY, (v71),,DF/ €
L2(Q,H), (’)/71),'7]‘5(DF]‘) € L2(Q), <D(")/71),'7j,DFj>H € L2(Q)

Then the conclusion of Proposition 5.2 holds, and moreover

Hy(F,1) = - Z(<DFJ’ DY ig)) g + (v‘l)i,jLFj).
j=1

The assumption of part 2 of Proposition 5.2, as well as the sufficient
conditions given in the preceding Corollary are not easy to verify. In the
next Proposition we give a statement which is much more suitable for
applications.

Theorem 5.1
Let F : Q@ — R"™ be a random wvector satisfying the following condi-
tions:

(a) F7 € D**, for any j =1,...,n,

(b) the Malliavin matriz is inversible, a.s.

Then the law of F' has a density with respect to the Lebesgue measure
on R™.

ProoF
As in the proof of Proposition 5.2, we obtain the system of equations

(5.5) for any function ¢ € C;°. That is,

Oip(F) = > (D((F)), (v )it DF') .
(=1
1=1,...,n, a.s.

We would like to take expectations on both sides of this expression.
However, assumption (a) does not ensure the integrability of y~!. We
overcome this problem by localising (5.5), as follows.
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For any natural number N > 1, we define the set
n n 1
Cn = {0‘ e LR™",R") : ||o]| < N, |deto| > N}
Then we consider a non-negative function ¢y € C5° (E(]R", R”)) satisfy-
ing
(1) ¢N(O-) = 1> ifoe CN>

(i) (o) = 0, if 0 & Ciyar.
From (5.5), it follows that

E(un () ZE(< ) un(DDF (7 ie) ) (5.6)

The random variable Tl)N(’)/)DFZ(’}/_l)i7g belongs to DV2(H), by as-
sumption (a). Consequently ¥y (7)DF‘(y1);s € Domé (see Propo-
sition 3.8). Hence, by the duality identity,

|B(un ()00 (F)) | =

S (D). wNmDFE(w—l)i,g}H)l

) [elloo-

Proposition 1.2 part 1 (see Remark 1.3) yields the existence of a density
for the probability law Py o F~1, where Py denotes the finite measure
on (€2, G) absolutely continuous with respect to P with density given by
N (7). Therefore, for any B € B(R™) with Lebesgue measure equal to

zero, we have
[ wwtar=o
F-1(B)

Let N — oco. Assumption (b) implies that limy_. ¥n(y) = 1. Hence,
by bounded convergence, we obtain P(F~!(B)) = 0. This finishes the
proof of the Proposition. U

n

5(¥n (V)DF (v i)

REMARK 5.2 The assumptions of the above Theorem 5.1 are not op-
timal. Indeed, Bouleau and Hirsch proved a better result using other
techniques in the more general setting of Dirichlet forms. For the sake
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of completenes we give one of their statements, the one most similar
to Theorem 5.1, and refer the reader to reference [8] for more complete
information.

Proposition 5.3

Let F : Q — R™ be a random vector satisfying the following condi-
tions:

(a) F7 € DY2, for any j =1,...,n,

(b) the Malliavin matriz is inversible, a.s.

Then the law of F' has a density with respect to the Lebesgue measure
on R™.

5.2 Smoothness of the density

This section is devoted to the proof of the following result.

Theorem 5.2

Let F : QQ — R"™ be a random vector satisfying the assumptions
(a) F7 € D>, for any j =1,...,n,

(b) the Malliavin matriz v is invertible a.s. and

dety~! € ﬂ LP(2).
pe[l,o0)

Then the law of F' has an infinitely differentiable density with respect
to Lebesque measure on R™.

So far we have been dealing with applications of part 1 of Proposi-
tions 1.1 and 1.2. That is, we have only considered first order derivatives
and the corresponding integration by parts formula (1.1) with G = 1.

In order to study the question of smoothness of density, we need
iterations of this first-order formula and, in this case, we really need
to consider (1.1) for G # 1. Theorem 5.2 is a consequence of the next
proposition and part 2 of Proposition 1.1.
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Proposition 5.4

Let F : Q — R"™ be a random vector such that F7 € D> for any
j=1,...,n. Assume that

dety ' e () LP(Q). (5.7)
p€[L,00)
Then:
1) dety~! € D*® and v~ € D®(R™ x R™).
2) Let G € D*®°. For any multiindex « € {1,...,n}", r > 1, there ex-

ists a random variable Hy(F,G) € D™ such that for any function
@ € Cp°(R™),

E((6ap)(F)G) = E(p(F)Ha(F. G)). (5.8)

In addition, the random variables Ho(F, G) can be defined recursively
as follows: If |a| = 1, a = i, then

Hy(F,G) =Y 6(G(v ") DF"), (5.9)
/=1
and in general, for o = (a1, ..., 0p_1,04),
Ha(Fa G) = Har (Fv H(al,...,a,«fl)(Fa G)) (510)

PRrROOF

Consider the sequence of random variables (YN = (dety + %)_1,
N > 1). Assumption (5.7) clearly yields

]\}iinoo Yy = dety~!

in LP(Q).
We now prove the following facts:

(a) Yy € D>, for any N > 1,

(b) (D*Yn,n > 1) is a Cauchy sequence in LP(€2; H®¥), for any natural
number k.
Since the operator D¥ is closed, the claim (a) will follow.

Consider the function ¢pn(z) = (z + +)~', @ > 0. Notice that
¢n € C;°. Then Remark 3.4 yields recursively (a). Indeed, dety € D*.
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68 Smoothness of the density

Let us now prove (b). The sequence of derivatives (cpg\?) (det ),
N > 1) is Cauchy in LP(Q), for any p € [1,00). This can be proved
using (5.7) and bounded convergence. The result now follows by ex-
pressing the difference D*Yy — D*Yy;, N, M > 1, by means of Leibniz’s
rule (see (3.20)) and using that det~y € D>.

Once we have proved that dety~! € D>, we trivially obtain v~ €
D>*(R™ x R™), by a direct computation of the inverse of a matrix and
using that F/ € D*°. The proof of (5.10) is done by induction on the
order r of the multiindex a. Let » = 1. Consider the identity (5.5),
multiply both sides by G and take expectations. We obtain (5.8) and
(5.9).

Assume that (5.8) holds for multiindices of order £k — 1. Fix a =
(o1,...,ap_1,01). Then,

E((0a)(F)G) = E(an,op ) ((Du9)(F))G)
= E((Oo ) (F)H(ay....cp_)(F. G))
= B(@(F)Ha, (F. o, ) (F,G)) )
The proof is complete. O
COMMENTS

The results of this chapter are either rephrasings or quotations of
statements from references [8], [19], [43], [48], [63] and [68], just to men-
tion a few of them. The common source is reference [33].
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CHAPTER 6

Stochastic Partial Differential
Equations Driven by Spatially

Homogeneous Gaussian Noise

The purpose of the rest of this book is to apply the criteria estab-
lished in Chapter 5 to random vectors which are solutions of SPDE’s. As
preliminaries, we give in this chapter a result on existence and unique-
ness of solutions for a general type of equations that cover all the cases
we shall encounter. We start by introducing the stochastic integral to be
used in the rigourous formulation of the SPDE’s and in the application
of the Malliavin differential calculus. This is an extension of the integral
studied in reference [14] and developed in reference [54].

6.1 Stochastic integration with respect to coloured noise

Throughout this section, we will use the notations and notions con-
cerning distributions given in reference [61]. Let D(RYT!) be the space
of Schwartz test functions and S(R1) be the set of C> functions with
rapid decrease. We recall that D(RYT!) ¢ S(RT!). Generic elements of
this space shall be denoted by ¢(s,z). For any ¢ € S(R?) we define the
Fourier transform as

Fole) = [ e iedpwyde, g e

where (-,-) denotes the Euclidean inner product in R?. Let I' be a non-
negative, non-negative definite tempered measure. Define

Ty = [ ds [ Tan)(e(s) + 5(0) @), (6.1)
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70 Stochastic integration with respect to coloured noise

where (s, z) = 1)(s, —z) and the symbol “¢” denotes the convolution
operation. According to reference [61] (Chap. VII, Theoreme XVII),
the measure I' is symmetric. Hence the functional J defines an inner
product on D(RT1) x D(R¥+1). Moreover, there exists a non-negative
tempered measure pu on R? whose Fourier transform is I' (see Théoréme
XVIII of chap. VII of ref. [61]). Therefore,

Hew) = [ as [ p@)Fe@FGE. 62

There is a natural Hilbert space associated with the covariance func-
tional J. Indeed, let £ be the inner product space consisting of functions
¢ € S(RY), endowed with the inner product

(poi)e = [ T B)(o)
where () = ¢)(—z). Notice that
(ke = [ W) PO T, (6.3)
]Rd

Let H denote the completion of (8, (-, )5) Set Hy = L2([07 T H). The
inner product in Hp extends that defined in (6.1). On a fixed probability
space (£2,G,P), we consider a zero mean Gaussian stochastic process
F = (F(¢),¢ € D(R¥1)), with covariance functional given by (6.1).
We shall derive from F' a stochastic process

M = (My(A), t >0, A € By(RY))

which shall act as integrator.

Fix a rectangle R in R, Let (¢,,n > 0) C D(R1!) be such that
limy, o @, = 1p pointwise. Then, by bounded convergence it follows

that

lim E(F(pn) = Flpm))” = 0.

n,Mm— 00

Set F(R) = lim, .o, F(p,), in L%(Q). It is easy to check that the
limit does not depend on the particular approximating sequence. This
extension of F trivially holds for finite unions of rectangles. If R!, R? are
two such elements one proves, using again bounded convergence, that

E(F(R")F(R?) —/R ds/Rdr(dx)(lRl(s)* 1p2(s)) ().
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In addition, if R,,n > 0, is a sequence of finite unions of rect-
angles decreasing to (), then the same kind of arguments yield
lim, .o E(F(R,)?) = 0. Hence the mapping R — F(R) can be ex-
tended to an L?(P)-valued measure defined on B,(R¥+1).

For any t > 0, A € By(R?), set My(A) = F([0,t] x A). Let G, be
the completion of the o-field generated by the random variables M (A),
0<s<t, Ac By(R?. The properties of F ensure that the process

M = (My(A),t > 0,A € By(RY)),

is a martingale with respect to the filtration (Qt, t> O). Thus the process
M is a martingale measure (see ref. [67], p. 287).

The covariance functional coincides with the mutual variation; it is
given by
(), M(B)), =t [ Tdr)(Lax L)(o).
R
The dominating measure (see ref. [67], p. 291) coincides with the co-
variance functional.

The theory of stochastic integration with respect to martingale mea-
sures developed by Walsh allows to integrate predictable stochastic pro-
cesses (X (t,z), (t,x) € [0,T] x Rd) satisfying the integrability condition

5 s [ ra(x1) K1) @) <.

In the context of SPDE’s this integral is not always appropriate. Con-
sider for instance the stochastic wave equation in dimension d > 3. The
fundamental solution is a distribution. Therefore in evolution formula-
tions of the equation we shall meet integrands which include a deter-
ministic distribution-valued function. With this problem as motivation,
Dalang has extended in reference [14] Walsh’s stochastic integral. In the
remainder of this section, we shall review his ideas in the more general
context of Hilbert-valued integrands. This extension is needed when
dealing with the Malliavin derivatives of the solutions of SPDE’s.

Let K be a separable real Hilbert space with inner product and norm
denoted by (-,-)x and | - ||k, respectively. Let K = {K(s,z),(s,2) €
[0,T] x Rd} be a K-valued predictable process; we assume the following
condition:

Hypothesis B. The process K satisfies

E(||K(s, A
(872)68[371;}XR¢1 (H (s Z)Hzc) o0
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Our first purpose is to define a martingale measure with values in IC
obtained by integration of K. Let {e;,j > 0} be a orthonormal system
of K. Set K7(s,z) = (K(s,2),ej), (s,2) € [0,T] x R?. According to
reference [67], for any j > 0 the process

K = t ‘SZ S,az d
M (A)_/O /AKJ(, )M (ds,dz),  t€[0,T], Ac By(R"),

defines a martingale measure. Indeed, the process K7 is predictable and

B(|K(s2I) < E(||K (s, 2)[|}.) < oo,
(872):[371;%]1{(1 <‘ ¢ Z)‘) (s,z)ES[}Jl,I;“]XRd <H (s Z)HK) o0

which yields

E </0 ds /]Rd T(dz) (14K (s) * iAf(j(s))(x)> < 0.
Set, for any ¢ € [0,T], A € By(R%),

MEA) =3 M (A)e;. (6.4)
j=>0

The right hand-side of (6.4) defines an element of L?(£2;K). Indeed,
using the isometry property of the stochastic integral, Parseval’s identity
and the Cauchy-Schwarz inequality, we obtain

> B(|Mf (f)
)

j=0
— ZE(

j=0
o (s [ v [ tra@mi .0 1aty s, )
:/Otds/RdF(dx)/Rd dylA(y)lA(y—m)E(<K(s,y),K(s,y—x)>;¢)
< s B(|K@a)) [ds [ T [ aytawiae-o)

(t,x)€[0,T]

/ot /Rd 14(2) K7 (s, 2) M (ds, dz)

<C (K2
- (t,m)es[g,FT)]de (H (x)H/c)

This shows that
B([a Wly) = 3 B(|a (4)) < oo,
j=0

due to Hypothesis B.
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Clearly, the process { M/ (A), t € [0,T], A € By(R?)} defines a wor-
thy K-valued martingale measure, and by construction we have that
(M (A), ¢5),c = M (A).

By the previous computations

Pt i) = S8 ([ afacits i)

where we have denoted by “-” the H-variable.

Our next goal is to introduce stochastic integration with respect to
M¥ | allowing the integrands to take values on some subset of the space
of Schwartz distributions. First we briefly recall Walsh’s construction in
a Hilbert-valued context.

A stochastic process {g(s, z;w), (s,2) € [0,T] x Rd} is called elemen-
tary if
g(s, Z3 w) = l(a,b} (3) IA(Z)X(W)a

for some 0 < a < b < T, Ac By(R? and X a bounded F,-measurable
random variable. For such ¢ the stochastic integral g - M¥ is the
KC-valued martingale measure defined by

(g M"),(B)(w) = (Mg, (AN B) = M3, (AN B)) X (w),

t €[0,T], B € By(R?).
This definition is extended by linearity to the set & of all linear
combinations of elementary processes.

For g € & and t > 0 one easily checks that
Ky,
E([[tg- M )(B))
~YE </ s [ 1) [ dy1sw)gls ) K (5,150 - )
R R

j>0

X g(s,y — :E)Kj(s,y — m))

< Joll? & (6.5)

where
ol = S ( f a1 ).

Let P, i be the set of all predictable processes g such that ||g||+ x < oco.
Then, owing to Exercise 2.5 and Proposition 2.3 of reference [67], Py
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is complete and & is dense in this Banach space. Thus, we use the
bound (6.5) to define the stochastic integral g - M¥ for g € Py k.

Next, following reference [14] we aim to extend the above stochastic
integral to include a larger class of integrands.

Consider the inner product defined on £; by the formula

91,92 ZE </ dS 91( VK (s,-), ga(s, ) K (s, ')>H>

7>0

and the norm || - ||o,x derived from it. By the first equality in (6.5) we
have that

E(llto- M) ®)]%) = ol
for any g € &s.

Let Py, k be the completion of the inner product space (Es, (-, ->07K).
Since [|-|lo,x < |||+, the space Py i will be in general larger than Py .
So, we can extend the stochastic integral with respect to MX to elements
of Po,. Let (M, ]|+ |lm) be the space of K-valued continuous square
integrable martingales endowed with the norm || X|3, = E(||Xr[%).
Then the map g — g - M¥, where g - M¥ denotes the martingale ¢ —
(g - ME),(R?), is an isometry between the spaces (Pok, |l - [lo,x) and
(M, ]|-]lm). Here we still have denoted by [|-|jo,x the norm derived from
the inner product of the completion of (83, (-, '>O,K)- Classical results on

Hilbert spaces tell us precisely how this norm is constructed (see for
instance § 2 of Chap. V of ref. [7]).

In the sequel we denote either by

(9- MK //]Rd s,2)K (s, z)M(ds,dz)

the martingale obtained by stochastic integration of g € Py x with re-
spect to MK,

Let us consider the particular case where the following stationary
assumption is fulfilled.

Hypothesis C. For all j >0, s € [0,T], z,y € R,

E(Kj(s,x)Kj(s,y)) = E(Kj(s, O)Kj(s,y - m))

Consider the non-negative definite function

GJK(S, z) = E(K(s,0)K7 (s, 2)).
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Owing to Theorem XIX of Chapter VII of reference [61], the mea-
sure Ffs(dz) = Gf(s,z) x I'(dz), is a non-negative definite distribu-
tion. Thus, by Bochner’s theorem (see for instance Theorem XVIIII of
Chap. VII of ref. [61]) there exists a non-negative tempered measure
ufs such that Ffs(dz) = .7-"/1,;7(5.

Clearly, the measure I'5(dz) := Y >0 F]{(S(dz) is a well defined non-

negative definite measure on R%, because

GE(s,2) < sup E(||K(s,2)|) < oo.
; ]( ) (s,2)€[0,T)€RE (H ( )HIC)

Consequently, there exists a non-negative tempered measure pX such
that FuX = 'K, Furthermore, by the uniqueness and linearity of the
: K K
Fourier transform, ps' =" .~q f1j-
Thus, if Hypotheses B and C are satisfied then, for any deterministic
function g(s, 2) such that ||g||2 ; < oo and g(s) € S(RY) we have that

lg

T
fuc=3 [ ds [ M) [ dygtsnats.y - a)GE (0

7=>0
T
= / ds / X (dz) (g(s, ) * §(s, 7)) (z)
0 R4
T « 5
_ / ds / 1 (de)| Fo(s) ()| (6.6)
0 R4

We now want to give examples of deterministic distribution-valued
functions ¢ — S(t) belonging to Py . A result in this direction is
given in the next theorem, which is the Hilbert-valued counterpart of
Theorems 2 and 5 of reference [14].

Theorem 6.1

Let {K(s,z),(s,z) € [0,T] x Rd} be a K-valued process satisfying
Hypothesis B and C. Let t — S(t) be a deterministic function with
values in the space of non-negative distributions with rapid decrease,
such that

T 2
/ dt/ p(d€)|FS()(€)]” < oo.
0 Jrd

Then S belongs to Po.x and

B(Is M) = [ os [ wkalFseer. 6
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Moreover, for any p € [2,0),

B(¢s - 1))

SCt/ ds;;ﬂgE(HK 5@ Hp)/Rdu(dWS(sx@ . (638)
with
(// (d&)|FS(s) |>g 1, t € [0,7].
Proor

Let ¢ be a non-negative function in C* (Rd) with support contained

in the unit ball of R? and such that [p.(z)dz = 1. Set ¢p(z) =

nd(nz), n > 1. Define S, (t) = ¥y, * S(t). Clearly, S, (t) € S(RY) for
any n > 1,t € [0,T] and S, (t) > 0.

We first prove that S,, € P4 k C Po k. The definition of the norm
| - I+ &, Parseval’s identity and Schwarz’s inequality yield

Il = ([ st 0]

_ZE</ ds/Rd I'(dx)

7>0

></ dy Sn(s,y) K’ (s, y)Sn(s,y—x)Kj(s,y—w)>
/ ds/Rd (dx)
X /]Rd dySn(s,y)Sn(s,y—x)E(<K(s,y),K(s,y—x)>K)

S/o ds sup E(HK (s, H )/ (df)‘fsn(t)(f)ﬁ

zeR4

Since supn‘}"Sn(t)(g)’ < ’fS(t)({)‘, this implies
supHSﬂLLK < 0. (6.9)

Let us now show that

nlggloHS SHO,K =0
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We have
T
5= Sliei = [ at [ ui(a0)]F(s.0 - 50)
T
= [ a [ u@Fe© - 1PIFsoE)
0 R4

The properties of v clearly yield ‘szn(f)’ < 1. Moreover, F1), (&)
converges pointwise to 1 as n tends to infinity. Then, since ‘]: (&) — 1‘
< 2, by bounded convergence it suffices to check that

T
ISlis= [ at [ wtaolFseel

We know that |FS,(t)(€)| converges pointwise to |FS(t)(£)| and

T
ISullss = [ ot [ wiae|Fs.of

Then, Fatou’s lemma implies

‘2

1155 < timm im0 e < Timm inf S e < oo,

n—oo n—oo

by (6.9). This finish the proof of (6.10) and therefore S € Py k.

By the isometry property of the stochastic integral and (6.6) we see
that the equality (6.7) holds for any S,; then the construction of the
stochastic integral yields

5[ 3%, |[) = i (500,

=t [as [ S |#(.9(6)

n—oo 0

-/ s [ ka0 F(s()©)

where the last equality follows from bounded convergence. This proves
(6.7).

We now prove (6.8). The previous computations yield

‘2

, (6.11)

k K

(5309 = 6530

a.s. for some subsequence ng, k > 1. By Fatou’s Lemma,

e((s- 30 [) < e

k—o0
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In the sequel we shall write S,, instead of S, , for the sake of simplicity.
Since each S, is smooth, the stochastic integral S, - M is a classical
one (in Walsh’s sense). The stochastic process ((Snk MYt > O) is a
K-valued martingale. Then, Burkholder’s inequality for Hilbert-valued
martingales (see ref. [36]) and Schwarz’s inequality ensure that

o5,
<CE<Z/ ds/Rd (dz)

x/ dy Sy (s,y)Sn(s, a;—y)Kj(S,y)Kj(&x—Z/))

§C’E</ ds/ I'(dx)
]Rd

X /Rd dy Sy (s,y)Sn(s,x — y)HK(s,y)HKHK(S,$ - y)HK>2

For each n > 1, t € [0,T], the measure on [0,#] x R? x R? given by
Sn(8,y)Sn(s,x —y)dsT(dz) dy is finite. Indeed,

sup/ ds/Rd dx/ dy Sn(s,y)Sn(s,x —y)
<sup/d8/Rd (d€)|FS,(s)(€)
< [as [ waeFseof

Thus, Holder’s inequality applied to this measure yields that the last
term in (6.12) is bounded by

(M|

p_q
2

</ ds/Rd (de)| FS(s) > /ds/Rd I'(d)
x /]R dy Su(s.)Sn (5.2~ B (| K (s.m)|| [ (5.2~ )| £)

Finally, using Hypothesis B one gets,

(sl <e( [ o [maslzsner)

/0 ds sup E(HK (s,x Hp)/ (df)‘]—"Sn(s)(f)’Z.

zeR4
Therefore (6.8) holds true. O

p
p_1
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REMARK 6.1 From the identity (6.7) it follows that for any S satisfying
the assumptions of Theorem 6.1 we have

T
2 2
ISl = [ s [ uk@iFse©P
’ 0 R4
Remember that we shall also use the notation

t
| [, sk sasy.
0 JRrd
for the stochastic integral of Theorem 6.1.

REMARK 6.2 For the sake of completeness we stress that if £ = R,
then the assumptions B and C on the real-valued process K read

sup E(‘K(s,x)F) < 00,
(s,2)€[0,T] xR

E(K(s,2)K(s,y)) = E(K(s, 0)K(s,y — x)),

respectively.

6.2 Stochastic partial differential equations driven by
coloured noise

We are interested in the study of initial-value stochastic partial dif-
ferential equations driven by Gaussian noises which are white in time
and correlated in space. The abstract setting is

Lu(t,z) = o (ult, x))F(t,x) + b(u(t,z)), (6.13)

t€[0,T], z € R%

L is a differential operator, the coeflicients o and b are real-valued
globally Lipschitz functions and F' is the formal differential of the Gaus-
sian process introduced in the previous section.

We must specify the initial conditions. For example, if L is of
parabolic type (for example, the heat operator) we impose

u(0,x) = up(x).
If L is hyperbolic (for instance, the d’Alembertian operator) we fix

u(0,z) = up(z), Oyul(t, x)’tzo = vp(z).
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We shall assume that the initial conditions vanish. This allows an unified
approach for parabolic and hyperbolic operators.

Let us formulate the assumptions concerning the differential operator
L and the correlation of the noise.

Hypothesis D. The fundamental solution A of Lu = 0 is a de-
terministic function in t taking values in the space of non-negative
measures with rapid decrease (as a distribution).  Moreover,
SUD4e[0,7] A(t)(RY) < 0o and

/ dt/Rd (d&)| FA(t) (6.14)

We already met hypothesis (6.14) in Theorem 6.1. It is worthwhile to
study its meaning in some important examples, like the stochastic heat
and wave equations.

Lemma 6.1

1) Let Ly = 0y — Ay, where Ay denotes the Laplacian operator in
dimension d > 1. Then, for any t > 0, £ € R?,

t 2 t+1
C1 ds|FA(s <COy——, 6.15
e L Gl G
for some positive constants C;, i =1, 2.
Consequently (6.14) holds for A = Ly if and only if
p(ds)
< 00. 6.16
/Rd 1+1eF ~ Gk
2) Let Ly = 0% — Ay, d > 1. Then, for any t >0, £ € RY, it holds
that
et A 13— / ds| FAG) ) < ealt +£5)— - (6.17)
L+ [€2 ~ - 1+ [¢]2

for some positive constants ¢;, i = 1,2.
Thus, for A = Lo, (6.14) is equivalent to (6.16).

Proor
In case 1), A(t) is a function given by

Alt,z) = (zwt)’% exp (—%) .
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Its Fourier transform is

FA()(E) = exp(—2772t|§|2).

Hence,
¢ 1 — exp(—4m?t[¢]?)
ds|FA(s 2= .
[ astzacie) e
On the set (|¢] > 1), we have
1 — exp(—4m?t[¢|?) 1 C
A2 (g2 T2mER T 1+

On the other hand, on (\5] < 1), we use the property 1—e @ < x, 2 > 0,
and we obtain
1 — exp(—4n?t[¢]?) Ct
Ar2|¢[? Tl

This yields the upper bound in (6.15).

Moreover, the inequality 1 — e™* > z/(1 + z), valid for any = > 0,
implies
t
2 t
ds|FA(t >C———.
/0 s|FADE] = 05 + 4n2t|E]2
Assume that 472t[¢]2 > 1. Then 1 + 472t[¢]? < 8n2¢t|€]?; if 4n?t|¢)? < 1
then 1 + 47?t|¢|? < 2 and therefore, 1/(1 + 4n?t|¢]?) > 1/(2(1 + [¢]?)).
Hence, we obtain the lower bound in (6.15) and now the equivalence
between (6.14) and (6.16) is obvious.

Let us now consider, as in case 2), the wave operator. It is well
known (see for instance ref. [64]) that

Fae = D

Therefore

2
| FA() ()] Ljel=1) + £ Ljg1<1)

1
<
- 271'2(1+ |§\2)

2
<c 1+¢ .
NG

This yields the upper bound in (6.17).
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Assume that 2mt[¢| > 1. Then sin(47t|¢])/(2t[¢]) < 7 and conse-

quently,
t 102 9 27t
/ dsm (2rsl€)) >C ! / sin2(u|§|) du
0 0

(2rle)® — 1+
B t B sin(4mt|£])
=TT g )
t
=T

Next we assume that 27t[¢| < 1 and we notice that for » € [0,1],
sin?r/r? > sin? 1. Thus,

t 22 92 2nt
/ dsw > C’Sin21/ u? du
0 (2m¢]) 0
t3
>0C—— .
T oL+ [P

This finishes the proof of the lower bound in (6.17) and that of the
Lemma. O

Let us now give a notion of solution to the formal equation (6.13).

Definition 6.1 A solution to the stochastic initial-value problem (6.13)
with vanishing initial conditions is a predictable stochastic process u =
(u(t,z), (t,z) € [0,T] x R?) such that

sup E(‘u(tw)ﬁ) < 00,

(t,x)€[0,T] xRd (6.18)
E(u(t, x)u(t, y)) = E(u(t, O)u(t,z — y))
and
u(t,z) = / At —s,2 —y)o(u(s,y)) M (ds,dy)
0 JRd (6.19)

+ /Ot /Rd b(u(t — s,@ — y))A(s, dy).

REMARK 6.3 The stochastic integral in (6.19) is of the type defined
in Theorem 6.1. More precisely, here the Hilbert space K is R and
K(s,z):= J(u(s, z)) Notice that, since o is Lipschitz, the requirements
on the process u ensure the validity of assumption B.
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This setting for stochastic partial differential equations is not general
enough to deal with the problem we have in mind: the study of the
probability law of the solution of (6.13) via Malliavin calculus. Indeed,
we need to formulate Malliavin derivatives of any order of the solution
and show that they satisfy stochastic differential equations obtained by
differentiation of (6.19). Hence a Hilbert-valued framework is needed.

Indeed, assume that the coefficients are differentiable; owing to
(3.21), a formal differentiation of Equation (6.19) gives

Du(t,z) = Z(t,xz) + /0 9 At —s,x —y)o’ (u(s, y))Du(s, y)M (ds, dy)

—1—/0 /Rd b’(u(t—s,x—y))Du(t_s,x_y)A(s’dy)’

where Z(t, x) is a Hp-valued stochastic process that will be made explicit
later.

Let K1, K be two separable Hilbert spaces. If there is no reason for
misunderstanding we will use the same notation, |||, (-, ), for the norms
and inner products in these two spaces, respectively.

Consider two mappings
o,b: KixK—K
satisfying the next two conditions for some positive constant C:
() s ([low9) = o) + 662, ) = b)) < Clly =¥,
(c2) there exists ¢ € [1, 00) such that
|o(z,0)| + [|b(z,0)|| < C(1+[l2]|?),  zeKi, y,y €K

Notice that (c1) and (c¢2) clearly imply
(e3) [[o(@, )| + [[olz, )| < C(+ [l + llyll)-

Let V = (V(t,a:),(t,x) € [0,T] x ]Rd) be a predictable Ki-valued
process such that

sup  B([Vit,a)||) < o, (6.20)
(t,z)€[0,T] xR

for any p € [1,00), and

E((V(t,2),V(ty)) = B((V(£0), V(L2 —y))). (6.21)
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Consider also a predictable K-valued process Uy = (Uy(t,z), (t,x) €
[0,T] x Rd) satisfying the analogue of property (6.20).

Let M?(B) = M;(z + B), with z € R?, B € B(RY) and bounded.
Define U§(t,z) = Up(t,z + z), V*(t,z) = V(t,x + z). We assume that
the joint distribution of the processes (UZ(t,z),(t,z) € [0,T] x RY),
(VZ(t,2), (t,z) € [0,T] x R?) and (M7 (B),t € [0,T], B € B(R?)) does
not depend on z.

Set
U(t,z) = Uy(t,x) / ]RdA (t—s,x— y)a(V(s,y),U(s,y))M(ds,dy)

/ ds/ V(t—s,z—y),U(t—sz—1y))As,dy).
“ (6.22)

The next definition is the analogue of Definition 6.1 in the context
of Equation (6.22).

Definition 6.2 A solution to Equation (6.22) is a K-valued predictable
stochastic process (U(t,z), (t,z) € [0,T] x R?) such that

(a) sup E(HU(t,a:)H2> < 00
(t,z)€[0,T] xR

() E((U(t,2), Uty)) = E((U(L0), Utz - )

and it satisfies the relation (6.22).

REMARK 6.4 Since we are assuming Hypothesis D, the stochastic in-
tegral in (6.22) is of the type given in Theorem 6.1. Indeed, condition
(c3) on the coefficients yields

PO (e
(t,x)€[0,T) xRd

< swp CE(1+ U2 +[[ves)]*) <.
(t,x)€[0,T] xR

The constant C is finite (see condition (a) in the previous definition and
(6.20)). Hence Hypothesis B is satisfied.

The validity of Hypothesis C can be checked following similar argu-
ments as those of the proof of Lemma 18 in [14].
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Our next purpose is to prove a result on existence and uniqueness
of solution for the Equation (6.22). In particular we shall obtain the
version proved in [14] for the particular case of Equation (6.19)

Theorem 6.2

We assume that the coefficients o and b satisfy the conditions (c1)
and (c2) above and moreover, that Hypothesis D is satisfied. Then,
Equation (6.22) has a unique solution in the sense given in Defini-
tion 6.2.

In addition the solution satisfies

sup E(HU(t,:E)Hp> < 00, (6.23)
(t,z)€[0,T]x R4

for any p € [1,00).

Proor
Define a Picard iteration scheme, as follows.

Uo(t,x) = Up(t, x),
and forn >1
U"(t,x) = Uy(t, x)

/ RdA (t—s,x—y)o (V(S,y),U"_l(s,y))M(ds,dy)

+ / ds/ b(V(t -5,z —y), U”fl(t —8,x— y))A(s,dy),
0 Rd
(6.24)
Fix p € [1,00). We prove the following facts:
(i) U™ = (U"(t,2),(t,z) € [0,T] x R?), n > 1, are well defined pre-

dictable process and have spatially stationary covariance.

(ii) sup sup E(HU"(t,x)Hp> < 00
n>0 (t,)€[0,T]xRd

(iii) Set M, (t) = sup E(HU’”hLl x) — U”(t,x)Hp>, n > 0. Then
z€RY

M,(t) < C /t dsMy_1(s)(J(t —s) + 1), (6.25)
0

where

a0 = [ nas)Fam©. (6.26)
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PROOF OF (i)
We prove by induction on n that U™ is predictable and

sup E(HU"(t,a:)H2> < 0. (6.27)
(t,x)€[0,T] x R4

This suffices to give a rigourous meaning to the integrals appearing in
(6.24). Indeed, by assumption this is true for n = 0. Assume that the
property is true for any £ = 0,1,...n—1, n > 2. Consider the stochastic
process given by

K(t,z) =o(V(z,t), U (t,z)). (6.28)

RdA (t—s,x—y)o (V(s,y),U”fl(s,y))M(ds,dy)

The induction assumption and the arguments of Remark 6.4 ensure that
the assumptions of Theorem 6.1 are satisfied. In particular, (6.8) for
p = 2 yields
2
sup E
(t,x)
[0,T7] de
< sup CE (1 + HU”71 t,x) H2 + HV(t,x)H2q)
(t,z)€[0,T]xR4
/ dt / (d€)| FA)(©)]. (6.29)
Rd
This last expression is finite, by assumption.

Similarly,
2)
T
< sw CE(1+ Ul + |vieo)|*) / ds A(s, RY),
(t,2)€[0,T] xR 0

sup E
(t,x)
[0,T7] de

dS t—s,m—y),U"_l(t—s,x—y))A(s,dy)

]Rd

(6.30)

which is also finite. Hence we deduce (6.27).

The property on the covariance is also proved inductively with the
arguments of Lemma 18 in [14].
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PRrROOF OF (ii)
Fix p € [1,00). We first prove that for any n > 1,

sup E(HU" t,x H )

(sup E(HU” (s, )" )( t—s)—i—l))

(6.31)

Scl—i-Cg/ ds

0 cRd

t €10, T], n > 1. The arguments are not very far from those used in the
proof of (i).

Indeed, we have
B([0m@2)||") < C(Colt2) + Anlt,2) + Balt,z)),  (632)

with

Colt, x) E(HUO )",

o =(| [

-=(1f

By assumption

A t—s,x—y)o (V(S,y), U”fl(s,y))M(ds,dy)

:>’
)

sup Co(t,z) < oo. (6.33)
(t,2)€[0,T] x R4

b(V(t—s,z— ),U"_l(t—s,m—y))A(s,dy)

Rd

Consider the stochastic process K (t,z) defined in (6.28), which satisfies
the assumptions of Theorem 6.1. In particular (6.8) yields

t
sup An(t,2) < C [ ds {1+ sup B([[U"(s,)]")
0 y€R4

z€R? (6.34)

< [ utag|Fae = sl

© 2005, First edition, EPFL Press



88 Stochastic partial differential equations driven by coloured noise

Moreover, Jensen’s inequality implies

sup By(t, )

zeR
t
< C/ ds <1+ sup E(HU"‘l(s y)||” )/ A(t — s,dy)
0 y€ERd Rd

t
:C’/ ds <1+ sup E(HU"‘l(S Yy Hp
0

yeRd

t
< c/ ds <1+ sup B([[U" (s, )" )
0

y€ERd

Plugging the estimates (6.33) to (6.35) into (6.32) yields (6.31).

Finally, the conclusion of part (ii) follows applying the version of
Gronwall’s Lemma given in Lemma 6.2 below to the following situation:
fu(t) = supyera E(|U™(t,2)[P), k1 = C1, k2 = 0, g(s) = Ca(J(s) + 1),
with C1, Cy given in (6.31).

PROOF OF (iii)

Consider the decomposition

E(|[Um (t,2) = U"(1,2)[”) < C(an(t, @) + balt, ),

with

:E( RdA(t—s,x—y)

< (o V6. 07 (5.0) = (V590,07 5.0) ) M) ).
bp(t,x) = E( ds 9 A(s,dy) (b(V(t —s,x—y), UMt —s,x—y))

p
— b(V(t -8, T — y),U”fl(t — 8, — y))) > .
Then (6.25) follows by similar arguments as those which lead to (6.31),
using the Lipschitz condition (cl).

We finish the proof applying Lemma 6.2 in the particular case:
fn(t) = My(t), k1 = ke =0, g(s) = C(J(s) + 1), with C given in (6.25).
Notice that the results proved in part (ii) show that M := supy< <7 fo(s)
is finite.
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Then we conclude that (U™(t,z), (t,z) € [0,T] x R?) converges uni-
formly in LP(Q) to a limit U = (U(t,z), (t,z) € [0,T] x RY). It is not
difficult to check that U satisfies the conditions of Definition 6.2 and
therefore the theorem is completely proved. U

Examples 6.1

Let K = A = R, o and b depending only on the second variable y € R.
Then condition (cl) states the Lipschitz continuity, (c2) is trivial and (c3)
follows from (c1). Equation (6.22) is of the same kind as (6.19), except for the
non trivial initial condition. Therefore Theorem 6.2 yields the existence of a
unique solution in the sense of Definition 6.1. Moreover, the process u satisfies

sup E(’u(t,:r)’p) < 0. (6.36)
(t,2)€[0,T)xR4

This is a variant of Theorem 13 in reference [14].
We finish this section quoting a technical result — a version of Gron-

wall’s Lemma proved in reference [14] — that has been applied in the
proof of the previous theorem.

Lemma 6.2

(Lemma 15 of ref [14]) Let g : [0,T] — R4 be a non-negative func-
tion such that fo s)ds < oo. Then, there is a sequence (a,, n € N)

1/p

of non-negative real numbers such that for allp > 1, > >, ay’® < o0,

and having the following property:

Let (fn,m € N) be a sequence of non-negative functions on [0,T],
k1, ko be non-negative numbers such that for 0 <t < T,

fa(t) < k1 +/0 (k2 + fa—1(s))g(t — s)ds.

If supg<s<r fo(s) = M, then forn > 1,

n—1

fat) < ka4 (k1 + k) > ai+ (ko + M)ay,
=1

In particular, sup,>qsupy<;<r fn(t) < oo; if k1 = kg = 0, then
> >0 fn(®)Y? converges uniformly on [0,T].
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COMMENTS

This chapter requires as prerequisite knowledge of the theory of
stochastic integration with respect to martingale measures, as has been
developed in reference [67].

The results of Section 6.1 are from reference [54] and are deeply
inspired on reference [14]. Theorem 6.2 is a generalized version of a slight
variant of Theorem 13 in reference [14]. The analysis of Hypothesis D
owns to work published in references [25], [32] and [35].

A different approach to SPDE’s driven by coloured noise and the
study of the required stochastic integrals is given in reference [53] (see
also the references therein), following mainly the theoretical basis from
reference [16].

6.3 Exercises

6.3.1
Let S be a distribution-valued function defined on [0, T] satisfying the
conditons of Theorem 6.1. Prove the following statements.

1) Assume that there exist constants C' > 0 and ~; € (0.00) such that

to
/ ds/ (d€)|FS()()|* < Clta — ], (6.37)
0 <t; <tg <T. Then for any p € [2,00), T >0, h > 0,

sup E(\(S-M)Hh - (S-M)t\p) < ChP, (6.38)
0<t<T
Hence the stochastic process ((S - M)y, t € [0,T]) has a.s. a-Hélder
continuous paths for any o € (0,71).

2) Assume (6 37) and in addition that there exist a constant C' > 0 and
Y2 € ( ) such that

/ / (d€)|FS(s + h)(€) — FS(s)(¢)|? < Ch*e, (6.39)
Rd
Then, for any p € [2,00), h > 0,

OE?ETEQ(S(t—i-h —)- M)

— (S(t—-)- M) ‘p) <cne,

(6.40)
with v = min(y1,72). Hence the stochastic process ((S(¢t—-) - M),
t> 0) has a.s. §-Holder continuous paths for any 3 € (0,7).

t+h t
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Hint: Here the stochastic integrals define Gaussian processes. Therefore
LP estimates follow from L? estimates. The former are obtained using
the isometry property of the stochastic integral (see (6.7) with = R
and K =1).

6.3.2
Suppose there exists n € (0,1) such that

d§
/Rd (1i(|£|)2_)" < 0. (6.41)

Prove that the above conditions (6.37), (6.39) are satisfied by

1) the fundamental solution of the wave equation, with v; € (0, %) and
Y2 € (07 1- 77]7

2) the fundamental solution of the heat equation, with v; € (0, 1;—’7],
7=12.

Hint: Split the integral with respect to the variable in R? into two parts:
a neighbourhood of the origin and the complementary set.

6.3.3
Let S be as in Exercise 6.3.1. Assume that for any compact set K C R¢
there exists v € (0,00) and C' > 0 such that

T ) ,
/ ds / j(dE)| FS(s, 2+ 2 — () — FS(s,2 — )(©)]* < Cla?,
0 R4

r € RY z € K. Prove that for any z € R, 2z € K, p € [2,00), there
exists a positive constant C' such that

P
E(|[(St—wz+z—)-M),—(S¢t—-,xz—-)-M < CzP7.
s B(|(8 =tz M), = (80— = M), [) < Cle

(6.42)
Thus, the process ((S(t —-,@ — ) - M);) has a.s. -Hélder continuous

paths, with 5 € (0,~).

6.3.4

Assume that condition (6.41) holds. Prove that the estimate (6.42) holds
true for the fundamental solutions of the heat and the wave equation
with v € (0,1 —n).

6.3.5

Consider the stochastic heat equation in dimension d > 1 with null initial
condition. That is, Equation (6.19) with A(t, z) = (27t)~%2 exp (— %)
The aim of this exercise is to prove that if condition (6.41) is satisfied,
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then the paths of the solution are (;-Hoélder continuous in ¢t and (-
Holder continuous in x with 3; € (0, 1;—"), B2 € (0,1 —n).

The proof uses the factorization method (see ref. [16]) and can be
carried out following the next steps.

1) Fix a € (0,1) and set

Yo(r,z) = /07" » Ar—s,z— y)a(u(s, y)) (r —s) M (ds,dy).

Using the semigroup property of A and the stochastic Fubini’s theo-
rem from reference [67], prove that

/ / At — s,z —y)o(u(s,y)) M(ds, dy)
0 JRd

sin(ma)

_ /Ot dr /R dzA(t =y — 2)(t = 1) Ya(r, 2).

™

(6.43)

2) Check that for any p € [1,00), o € (0, 52),

sup sup E(‘Ya(r, z)‘p> < 00.
0<r<T zcRd

3) Using Kolmogorov’s continuity criterium and the previous result,
prove the estimates

sup sup E(‘u(t + h,x) — u(t,m)‘p) < ChMP,
0<i<T zeRd

sup sup E(‘u(t,x +2) — u(t,m)‘p) < Clz|7P,
0<i<T zeRd

t,h € [07T]a t+he [OaT]7 ZERd7 "M € (Oaan)a Y2 € (071_77)

Hints: To prove part 2 apply the LP estimates of the stochastic integral
given in Theorem 6.1. Then the problem reduces to the check that

vy = / s / H(dE)| FIA(r — 5,2 — ) (r — 5)~)(€)
0 R4

is finite. This can be proved splitting the integral on R? into two parts
—in a neighbourhood and outside zero. The proof of the estimates in
part 3 is carried out using the alternative expression of the stochastic
integral given in (6.43), Holder’s inequality and the result of part 2.

REMARK. The exercises of this section are excerpts of references [59]
and [60].
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CHAPTER 7

Malliavin Regularity
of Solutions of SPDE’s

In this chapter we show that if o and b are smooth, then the solution
of equation (6.13) at any fixed point (¢,2) € [0,7] x R? belongs to
the space D™ and we deduce the equation satisfied by the Malliavin
derivative of any order.

Following the discusion at the begining of Chapter 3, the underlying
Gaussian family needed in the Malliavin calculus machinery shall be
(W(h),h € Hr), where for any h € Hp, W(h) = > ,-,(h, e">HTg"’
(en,n > 1) is a complete orthonormal system of Hy and (g,,n > 1) a
sequence of standard independent Gaussian random variables. Actually
W (h) can be considered as an stochastic integral in Dalang’s sense, as in
reference [14], of a deterministic integrand h € Hr with respect to the
martingale measure M introduced in Chapter 7. Indeed for any h € Hr
there exists a sequence (hyp,n > 1) C L*([0,T]; £) converging to h in the
topology of Hr. Set W (h,,) = fOT Jga P (s, 2) M (ds, dz). The stochastic
integral is well defined as a Walsh integral of a deterministic function
with respect to the martingale measure M.

Notice that E(W (hy,)) = 0 and

T e —
BV ()W) = [ [ n(@) 751 RGN

Set )
W(h) = lim W(h,),

n—oo

in L?(Q2, P). Then (W(h),h € Hr) is a Gaussian family of random
variables with the same characteristics (mean and covariance operators)

as (W(h),h € Hr).
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The proof of differentiability uses the following tool which follows
from the fact that D is a closed operator defined on LP(f2) with values
in LP(Q; HEM).

Lemma 7.1
Let (F,,n > 1) be a sequence of random variables belonging to DNP.
Assume that:

(a) there exists a random variable F' such that F,, converges to F in
LP(Q), as n tends to oo,

(b) the sequence (DN Fy,,n > 1) converges in LP(S; HZY).
Then F' belongs to DNP gnd DNF = LP(Q; 'H?N) —lim,,—.oc DVF,.

Before stating the main result, we introduce some notation. For
ri €0,7], ¢; € H,i=1,...,N and a random variable X we set

N _ N
D01 ion) X = (Diirgorn) X1 ® - @ ON ) o

Thus, we have that

HDNXH’?-[%N = / NdT1~-.d74N Z ‘D(]\(Trl76j1)7---7(TN,€jN))X{2,
[0.7] J1rndN 20

where {ej }j>0 is a complete orthonormal system of H.

Let N € N, fix a set Ay = {ozi = (ri,01) € Ry xH, i = 1,
...,N} and set \/,r; = max(ry,...,ry), o = (a1, ...,an), & =
(o1,...,®—1,Qi41,...,an). Denote by P, the set of partitions of Ay
consisting of m disjoint subsets p1,...,pm, m =1,..., N, and by |p;| the
cardinal of p;. Let X be a random variable belonging to D2, N > 1,
and ¢ be a real CV function with bounded derivatives up to order N.
Leibniz’s rule for Malliavin’s derivatives (see (3.20)) yields

N

DY (9(X)) = 37 Y emg™ () [ DI, (7.2)
m=1 P, i=1
with positive coefficients ¢,,, m=1,..., N, ¢ = 1.

Let
AN (9,X) =D} (9(X)) - ¢ (X)DI X.

Notice that AN (g, X) =0 if N = 1, and for any N > 1 it only depends
on the Malliavin derivatives up to the order N — 1.
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Here is the result on differentiability of the process (u(t, x),(t,z) €
[0, 7] x RY) solution to (6.19).

Theorem 7.1

Assume Hypothesis D and that the coefficients o and b are C*° func-
tions with bounded derivatives of any order greater or equal than one.
Then, for every (t,z) € [0,T] x R%, the random variable u(t,x) be-
longs to the space ID°.

Moreover, for any p > 1 and N > 1, there exists a Lp(Q;H%N)—
valued random process {ZN(t,z), (t,z) € [0,T] x R?} such that

DNu(t,z) = ZN(t,z) + /0 L At — s,z —2) [AN(a,u(s, z))
+ DNu(s, )0’ (u(s, z))} M (ds, dz)
t s s,dz) | AN (b, u(t — 5,2 — 2
+/Od /RdA(,d)[A (b, u(t — s,z — 2))
+DNu(t—s,m—z)b'(u(t—s,x—z))}, (7.3)
and

B([[p" ! , < +o00.
(S,y):[g,g]de <H u(s y)Hf}_{%N) 00

The proof of this Theorem consists of two parts. In the first one we
shall assume that the measure on B(R?), A(t), is absolutely continuous
with respect to the Lebesgue measure, that is,

A(t,dx) = A(t,z) dx. (7.4)

In the second one, we shall consider a mollifying procedure, use the
results obtained in the first part and prove the result in the more general
case of a non-negative measure. The next Proposition is devoted to the
first part.

Proposition 7.1

Assume Hypothesis D and, in addition, that the measure A(t) is
absolutely continuous with respect to the Lebesque measure. Sup-
pose that the coefficients o and b are C*° functions with bounded
derivatives of any order greater or equal than one. Then, for every
(t,z) € [0,T] x RY, the random variable u(t,z) belongs to the space
Dee.
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Moreover, for any N > 1, the Malliavin derivative DNu(t, ) satisfies
the equation

DNu(t,z) = ZN(t,z) + /Ot y At — s, — 2) [AN (0, u(s, 2))
+DNu(s, 2)o’ (u(s, z))] M(ds,dz)
- /Ot ds RdA(s,dz) [AN (b, u(t — s,z — 2))
+DNu(t — 5,2 — 2)b (u(t — s,z — 2))], (7.5)
where, for a = ((r1,¢1),...,(rn,¢N)) with 71,...,7 > 0 and
©1,..., o8 € H,
ZN(t, ) = ﬁ;<A(t —riy@ — %)DN 1o (u(ri, %)), @,.>H. (7.6)

In addition, for any p € [1,00),

sup E("DN“(Say)“%@’N) < +o0.
(s,y)€[0,T] xR o

The proof of this Proposition relies on the results given in the next
three lemmas based on the Picard iterations

u(t,z) =

0
u(t,x) = /0 /Rd A(t — s,z —y)o (v (s,y)) M(ds, dy)

' n—1
" /o ds /Rd b(u" " (t — 5,2 — y))A(s, dy). (7.7)

Lemma 7.2

Under the hypothesis of Proposition 7.1, the sequence of random vari-
ables (u"(t,az),n > 0) defined recursively in (7.7) belong to D2,

PRrROOF

It is done by a recursive argument on N. Let N = 1. We check that
u"(t,x) € DH2, for any n > 0.
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Clearly the property is true for n = 0. Assume it holds up to the
(n — 1)-th iteration. By the rules of Malliavin calculus, the right hand-
side of (7.7) belongs to D2, Hence u"(¢,z) € D%2, and moreover

Du™(t, z)
= At — -z —*)o(u" (%))

/ RdA (t—s,z—y)o' (u"~ 1(3,y))Du”fl(s,y)M(ds,dy) (7.8)

+ / ds [ A(s, dy)b/(unfl(t —s,x—y))Du"" Mt — 5,7 — y).
0 R4

Assume that u"(t,z) € DN=12, for any n > 0. Leibniz’s rule and (3.21)
yield the following equality satisfied by DN ~1u™(t, z),

DY (¢, @)
—1

Z

_ <A(t—7“i, — >f<)D§]Zf2J(u"_1(7“2‘,>‘<))a<)0z‘>71

=

/ Alt—s,z—2) (A o, u" (s, 2)) (7.9)

—i—DéV lu" Y(s,2)0" (W' (s,2))] M(ds,dz)

t
+ / ds/ A(s,dz) [AYH(bu" Mt — 5,0 — 2))
Viri R?

+DN Nt — s, — ) (u”fl(t —s,x—2))],

where @ = ((n,gol),...,(TN_l,cpN_l)), with 71,...,7ry—1 > 0 and
©1,...,oN_1 € H. We want to prove that u"(t,z) € DV:2, for any
n > 0 as well. Clearly the property is true for n = 0. Assume it holds
for all the iterations up to the order n — 1. Then, as before, using the
rules of Malliavin calculus we obtain that the right hand side of the
preceding equality belongs to D2, Thus, u(t,x) € DN:2 and satisfies

DNu"(t, z)
— Z<A(t — T, T — *)D]\i 1 (u” 1(TZ, )) <pZ>H
= (7.10)
+/\/-r~ RdA(t—s,x—z) (AN (0,0 (s, 2))
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98 Malliavin Regularity of Solutions of SPDE’s

t
+ / ds [ A(s,dz) [AY (b,u" "t — s,z — 2))
Vi R4

+DNyn it — s 2 — z)b/(unfl(t —s,x—2))],

where a = ((rl,gol),...,(rN,goN)), with r1,...,7y > 0 and
V1,...,oN € H.
This ends the proof of the Lemma. (|

Lemma 7.3

Assume the same hypothesis than in Proposition 7.1. Then, for any
positive integer N > 1 and for all p € [1,00),

E(||DNu" (¢, z)||? < 0. 7.11
20 (t,z)ES[Bl};}X]Rd <H u x)HHT@)N) > (7-11)

Proor

We shall use an induction argument with respect to N with p > 2
fixed. Consider N = 1. Denote by B; ,, ¢ = 1, 2,3 each one of the terms
on the right hand-side of (7.8), respectively. Holder’s inequality with
respect to the finite measure A(t — s,z —y)A(t —s,x —y+z) dsI'(dz) dy,
the Cauchy-Schwarz inequality and the properties of ¢ imply

E(||Buall5,)

:E</Otds/RdF(dz)/RddyA(t—s,m—y)A(t—s,:n—y—l—z)

X J(u”fl(s, y))o(u”fl(s, Yy — z)))E

< </Otds/RdI‘(dz)/RddyA(t—s,$—y)A(t—s,:v—y—{—z))
></Otds/RdF(dz)/RddyA(t—s,w—y)A(t—s,af—y—i-z)
)

§C<1+ sup E(yunl(t,m\p)) /OTds/Rdu(dé)!fA(s)(f)\z,

(t,x)€[0,T] xR

p
21

X E<’a(un_1(s, y))o(u" s,y —2))

which is uniformly bounded with respect to n (see (ii) in the proof of
Theorem 6.2).

© 2005, First edition, EPFL Press



Malliavin Regularity of Solutions of SPDE’s 99

Consider now the second term Bj,(t,z). By Theorem 6.1 and the
properties of o, we have

E(|Bantt o, )
<C'/ ds sup E< "(u 1(s,Z))Du”fl(s,z)‘

2z€R4

oo

SC/ d E( D n—1 7 P J(t — ’
I (GBI C

with J defined as in (6.26).

Finally, for the third term Bs,, (¢, z) we use Holder’s inequality with
respect to the finite measure A(s,dz)ds. Then, the assumptions on b
and A yield

t
p n—1 p
E(HB&”(t’x)HHT) < C'/O dS(T,Z):;E}XRdEO‘Du (T,z)HHT).
Therefore,

E(||Du"(s, P
(872):[18%><Rd (H u (S Z)H'HT)

t
< C 1+/ d EllIID n—1 : P Tt — 41 .
( 0 S(W)ES[%E]XM (H u" (T z)HHT)( (t—s) ))

Then, by Gronwall’s Lemma 6.2 we finish the proof for N = 1.
Assume that
sup sup E(HDkU"(tax)H;m) < 00,
n>0 (t,2)€[0,T]xR4 T
for any k =1,...,N — 1. Let a = ((rl,ejl),...,(rN,ejN)), r = (r,
rN), dr = dry---dry. Then, by (7.1) and (7.10), we have that

p

E(HDNun(t,x)H%%N) —E</[07T}Ndr Z ‘Dévun(t,x)P)E

J1y-0JN

where
N

Z<A(t — T3, & — %)

i=1

N, =FE / dr
1 0,71 Z

J1senJN

P
2\ 2
xDéV;la(u" 1(7“Z, )),eji>H
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At —s,x— z)

N2 =F / dr
(0, 7]V

V,;ri JRE

D
2\ 2

x AN (o, u"" (s, z)) M(ds,dz)

9

/ ds [ A(s,dz)
Vi R4

b
2\ 2

N3 =F / dr
[07T]N J1se0JN

X AaN(b, T (. z))

N,=F /
[0,T]V

x o (u"” (s, 2)) M (ds,dz)

At — s,z — 2)DNum"1(s, 2)

R4

i Ti

9

N;=F / dr / ds [ A(s,dz)DNu" "t — s,z — 2)
[0,71V V,ri R4

x b ("t — s, — 2))

J1se-JN

[SS]

2

By Parseval’s identity and the definition of the H-norm it follows that

N
N1§CZE/ dr Z
=1

N . .
[0.7] J1s-5JN

<A(t — T, T — %)

D
2\ 2

X deifla(u"_l(ri, *)) , €5, >H

_C;;E /[ovT}NdT%:HA(t_TW—*)Dé]X10'(“” H(ri, %) H
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=C» F dr/ Fdz/ dy
Z-Z:; ([O,T]N Rd (d2) Rd

XAt —ri,x—y)A{t —ri,z —y+2)
D
2

X ZDg_la(u”*I(m,y))Dgi_la(unfl(n,y — z)) ,
Ji

where J; = j1,... s Jie1sJit1,--->JN- Then, by the Cauchy-Schwarz in-
equality and Hélder’s inequality the preceding expression is bounded
by

n T
ZE(/ dri/ F(dz)/ dyA(t —riy,z —y)A(t —riyx —y + 2)
] 0 Rd Rd

[0,T)N-1

X HD{\flo(un_l(ri, y—2)) H

N—-1 n—1/,..
Df’i O'(U (Tza y)) HH‘X)(N*U

p

)5
H@(Nfl)

n T
§CZ/ dri/ I‘(dz)/ dyA(t —riy,z —y)A(t —ri,x —y+ 2)
— Jo Rd Rd

x FE (/ dr;
[07T}N71

2
< P2 ot =) )
n_o T
§CZ/ dri/ F(dz)/ dyA(t —riy,z — ) At —riyx —y + 2)
— Jo R4 R4

X sup E / dr;
veRd [0,T]N-1

<C sup E<HDN_1J(UH_1(37 Z)) Hp ®(N1)> )
(s,2)€[0,T] xR Hr

Dg_la(un_l(m,y))‘

H®(N—1)

[V}

Dgflg(unfl(n,v)) H2 )

HON-1)

with d’f‘z = drl cee d?"i,1 d""i+1 e d’I“N.

Then, by Leibniz’s rule, the assumptions on ¢ and the induction
hypothesis, it follows that Nj is uniformly bounded with respect to n, ¢
and x.

In the remaining terms we can replace \/, r; by 0, because the Malli-
avin derivatives involved vanish for t < \/, ;.
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By Theorem 6.1

_E<

<0 [[as s ([ (0.0 o)

yERd

At — s,z — 2) AN (o,u" " (s, 2)) M (ds, dz)

p
HEN

o) [ ptaglFac - @

< c/ ds(Ty sup <HAN(0,U"1(7,y))Hi?N> J(t — s),

[0,5] xR

R4

with J(t f]Rd wu(dg) ‘]:A )‘ . According to the induction hypothe-
sis, thls last term is uniformly bounded with respect to n, t and z.

Using similar arguments — this time for deterministic integration of
Hilbert-valued processes — Holder’s inequality and the assumptions on
A, we obtain

t
N3 < C/ ds A(s,dz)EHAN(b, "Nt — 5,1 — 2))
0 R4

p
HEN )7

which again, by the induction hypothesis, is uniformly bounded in n, ¢
and x.

Hp
HEN

<C sup E(HAN(b, u”fl(s,y))‘
(s,9)€[0,T)x R4

For Ny we proceed as for No; this yields,

N,y < C/t ds sup E<HDN(UH_1(7'73/))‘

(r,y)€[0,s] xR

' )oa-n

p
HEN )

Finally, as for N3,

t
N5 < C/ ds sup E<HDNUR_1(7'72/)‘
(1,y)€[0,s] x R4

Summarising the estimates obtained so far we get
sup E<HDNun(s,y)‘

p )
(5,)€[0,] X RY HEN

t
1+/ ds  sup E(HDNU"*I(T,y)H;@)N) (J(t—s)+1)
0 (1,9)€[0,s] xR T

<C

Then, the proof ends applying the version of Gronwall’s lemma given in
Lemma 6.2. g
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Lemma 7.4

We suppose that the assumptions of Proposition 7.1 are satisfied.
Then for any positive integer N > 1 the sequence DNu™(t,z), n >0,
converges in L*(Q; HEN), uniformly in (t,z) € [0,T) x R?, to the
HEN -valued stochastic processes (u(t,z), (t,z) € [0,T] xR?) solution
of the equation

Ult,z) = ZN(t,z) + /0 iy At — s,z — 2) [AN (o, u(s, 2))

+U(s, z)o’ (u(s, z))} M(ds,dz)

_|_/0tds/RdA(s,dz)[AN(b,u(t—Sax_Z))

+U(t—s,z—2)b' (u(t — s,z — z))],

(7.12)

with ZN given by (7.6).

Proor

Here again we use induction on N. For N = 1 we proceed as follows.
Let (U(t,z),(t,z) € [0,T] x R?) be the solution of

Ult,z) = A(t — -,z — *)o (u(-, *)) / RdAt—sx—z)
X a'(u(s,z))U( 2)M (ds, dz) (7.13)
—{—/ ds | A(s,d2)V/ (u(t — s,z — 2))U(t — s, — 2).
0 Rd
We prove that

E(||Du(t,z) — U(t, z)]|? 0, 714
ol (IIDw(t,2) ~ Ut 2)2,,) — (714)

as n tends to infinity. This implies that u(t,2) € D2 and the process
{Du(t,z), (t,z) € [0,T] x R?} satisfies equation (7.13).
Set

I}(t,x) = T — *)(0(u" L) — a(u(-,*))),
IM(t,x) / /Rd (t—s,2 —2)0’ (u" (s, 2)) Du™" (s, 2) M(ds, dz)
- /0 /Rd At — s,z — 2)0’ (u(s, 2))U(s, z) M (ds, dz),
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t
I'(t,x) = / ds [ A(s,dz) (b'(un_l(t — 8,2 —2))Du""Ht — s, — 2)
0 R4
—b'(u(t—s,z—2))U(t — s,z — z))
The Lipschitz property of ¢ yields

B3t )|l ) < ¢, B ) e )

/ s [ ud)| FAE)©

sup E(‘un_l(t,x) - u(t,m)‘2).
( )€[0,T] xRd

Hence,

: B(|lzt o), ) =0 7.15
nggo(t,x)es[gg}de (H Z( $)H’HT) ( )

Consider the decomposition

B(||7(t,2)[l5,, ) < C(Dya(t, ) + Daalt, ),

where

Dlnt$ (

— o’ (u(s, z))] Du™ (s, 2)M(ds, dz)

Dgnt$ (

—U(s, z)]M(ds,dz)

At —s x—z){ "(u" 1(8,2’))
2
.)
At — s,z — 2)0’ (u(s, 2)) {Dun_l(s,z)
2
.)
The isometry property of the stochastic integral, Cauchy-Schwarz’s
inequality and the properties of o yield

Rd

Rd

Dia(te) <€ sup (B(Ju""(s,y) —uls,p)[")
(s,9)€[0,T) xR

% B(||Du" " (5,9) 3, )) é/ ds/ (do)| FA(s) ()]
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Owing to Theorem 6.2 and Lemma 7.3 we conclude that

lim sup Dy ,(t,xz) =0.
00 (t,2)€[0, T x R4

Similarly,

t
D n t,flf < C/ ds sup I Dunfl 7 U ’ 2 T—s)
2n(t, ) Lol { () =U(r )13, ) 7—5)
(7.16)

For the pathwise integral term, we have

E(Hfg(t,:g)H;T) < C(byn(t, ) + bon(t, 2)),

with
t
bin(t,z) = E< ds | A(s,dz)
R4
X [b'(un_l(t —s,x—2)) = b (u(t—s,z— z))}
2
x DU (t — 5,2 — 2) ,
Hr
t
bon(t,x) = E< ds | A(s,d2)V (u(t — s,z — 2))
R4

X [Du”fl(t—s,m—z) —U(t—s,x—2)]

2
Hr

By the properties of the deterministic integral of Hilbert-valued pro-
cesses, the assumptions on b, and Cauchy-Schwarz’s inequality we obtain

t
bin(t, ) §/ ds [ A(s,dz)
0 R

X HDun_l(t —8,x— z)HiT>

W (u" Mt —s,2—2)) =V (u(t — s, — 2)) ‘2

D=

S <E n- 1 — E D n— 1 >
(s,y)es[gg]xﬂ{d [ s ) — uls.y ‘ [ Du (s, y HHT

t
X / dsA(s,dz).
0

Thus, limy, .00 SUP(; 2)e(0,7]xRd b1, (t, ) = 0.
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Similar arguments yield

) <0 Jds aw B0 00 -UeEli)

Therefore we have obtained that

E Du™ , U ’ 2
(s’x):%%xw (H u"(s, ) (s m)HHT)

t
<C,+ C’/ ds sup E(HDunfl(T,x)
(,2)€[0,s] xR

~U(r,2)[5,, ) (J(t = 5) + 1),

with lim,_, o, C,, = 0. Thus applying Gronwall’s Lemma 6.2 we complete
the proof of (7.14).

We now assume that the convergence in quadratic mean holds for all
derivatives up to the order N — 1, uniformly in (¢,z) € [0,T] x R%, and
prove the same result for the order N. That means we must check that

lim sup E(HDNu"(t,a;) —U(t,x)Hi{ ®N> =0, (7.17)
=00 (¢ 2)e[0,T] xRd T
where DNu™(t,z), U(t,z) satisfy the equations (7.10), (7.12), respec-
tively.

We start with the convergence of the terms playing the role of initial
conditions.

Set

N
Z" .=k / dr <At—ri,x—*
oy > 2 ( )

J1yendN L=

X [Dg;la(un_l(n,*)) DN ! o (u(rs, ))},€j¢>

2

H

Then, Parseval’s identity and Cauchy-Schwarz inequality ensure

N
= ZE( / di;
=1 [07T]N—1

. Z [t~z ) [DY o () = DY o u, )|
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N t
§ZE</ dﬁi/ ds/ I‘(dz)/ dyA(t — s,z —y)
, [0,T]N-1 0 R4 Rd

i=1
‘Dgfl (0(u"_1(8, y)) - J(u(s, y))) ‘
X HDT{Y*1 (g(u"’l(s, Yy — z)) - J(u(s, Yy — z))) ‘ H®(N1)>

< sup <HDN 1( (Un_l(s y)) — o(u(s,y)))‘ ji?“’”)

(s,)€[0,T] xR?
2
HEW-D )

/ ds / (d€) ‘]:A (t—s) ‘

Rd
<C sup E<HDN1 (a(u”fl(s,y)) —a(u(s,y)))‘

Leibniz’s formula, the result proved in Lemma 7.3, and the induction

assumption yield that te last term tends to zero as n goes to infinity.

XAt —s,x—y+2)

H@(N—l)

(s,9)€[0,T)x R4

We finish the proof by similar arguments as those used for N = 1.
We omit the details. U

We are now prepared to give the proof of Proposition 7.1.

PROOF OF PROPOSITION 7.1

We apply Lemma 7.1 to the sequence of random variables consisting
of the Picard iterations for the process u defined in (7.7). More precisely,
fix (t,x) € [0,T] x R? and set F,, = u"(t,z), F = u(t, ).

By Theorem 13 of reference [14] (see also Theorem 6.2),

lim sup E(‘u”(t, x) — u(t, m)‘p) =0.
=00 (¢.2)€[0,T] x R4

Thus, assumption (a) in Lemma 7.1 — which does not need any kind
of differentiability — is satisfied. The validity of assumption (b) follows
from Lemmas 7.2 to 7.4 above. g

REMARK 7.1 The absolute continuity of A(¢) is only used in the anal-
ysis of the terms involving ¢ but not in those involving b.

We now shall deal with more general A. Let 9 be a C*°(R?) function

with compact support contained in the unit ball of R Define 1, (z) =
n%)(nx) and
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An(t) = o * A(), (7.18)
n > 1. Tt is well known that A, (t) is a C>(R%) function.
Moreover,
| FAL ()| < |[FA(2)]. (7.19)

Consider the sequence of processes (un(t, x), (t,x) € [0,T] x Rd) solution
to the equations

up(t,x) = /0 y An(t — 5,0 — 2)0 (un(s, 2)) M(ds, dz)

+ /Otds /Rdb(un(t s,z — 2))A(s, d2).

Under the assumptions of Theorem 7.1 we conclude from Proposition
7.1 and Remark 7.1 that u,(t,z) € D>, for all n > 1.

Moreover, the derivative DN u, (¢, z) satisfies the equation

(7.20)

N

Dévun(t,x) = Z<An(t — 7, T — *)Dé\i—lg(un(n, *)),¢i>H

i=1
t
+/ / An(t—s,w—z) [Ag(a,un(s,z))
V;ri JRY

21
+ DN, (s,2)0’ (un (s, z))} M (ds, dz) (721)
t
+ / ds | A(s,dz) {AaN(b, un(t — s,z — z))
V,ri R4

+ DNy (t — s, 2 — 2) (up (t — 5,2 — z))},
where a = ((rl,gol),...,(rN,goN)), with r1,...,7y > 0 and
Y1,...,on8 € H.  With these tools we can now give the ingredients

for the proof of Theorem 7.1.

Lemma 7.5

Assume that the coefficients o and b are Lipschitz continuous and
that Hypothesis D is satisfied. Then for any p € [1,00),

00\ (t,2)€[0,T] xRE

lim ( sup E(‘un(t,az) - u(t,m)‘p>> =0. (7.22)
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Proor
We first prove that for any p € [1, 00),

sup sup E(!un(t,x)|p) < 0. (7.23)
n>1 (t,z)€[0,T]xR4

Taking into account (7.20), we have E(|un(t,z)|P) < C(Ain(t,z) +
Ao pn(t,z)), where
)

— 5,0 — 2)o (un(s, 2)) M (ds, dz)

Owing to Theorem 6.1, the properties of o, the definition of A, and
(7.19), we obtain

Alnta; (

Rd

Ay p(t,z) =FE (

ds [ A(s,d2)b(un(t — s,z — z))
R4

Al,n(t, $)

< Cl/(t)g_l /Ot ds sup E(‘U(un(s,z))‘p> /]Rd M(d§)|-7:A(t - 3)(5)‘2

z€Rd
<o [ as <1+5£H§E(|un<s,z>\p)> [ maolFac =)

with v( fo ds [ga p(d€) ’]:A f)‘2

Consequently,

2

)

t
Alm(t,x)gC/ ds |1+
0

sup E(‘un(T,y)‘p)] J(t —s). (7.24)

(1,y)€[0,s] xRe

Holder’s inequality with respect to the finite measure A(s,dz)ds, the
properties of b, and Hypothesis D yield

Agp(t, ) < C/t ds A(s,dz)E(‘b(un(t — s, T — Z)) ‘p>
sup ‘Un Y |p)

<C/ ds / A(t — s,dz)
(Ty €[0,s] xRd

< C/ ds sup}XRdEOun(T, y)lp)] . (7.25)

(T y)€[0,s
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Putting together (7.24) and (7.25) we obtain

sup E(’un(s,$)‘p)

(s,x)€[0,t] x R4

<C’/d8

Then we apply the version of Gronwall’s Lemma given in Lemma 6.2
and finish the proof of (7.23).

Next we prove that

lim ( sup E(‘un(t,x) - u(t,m)‘2)> =0. (7.26)
n—00 \ (4 1) Rd

€[0,7]

SEéI:»]X]Rd (‘un(T,m)‘p)] (J(t—s)+1).

Indeed, according to the integral equations (7.20) and (6.19), we have

E(Jun(t,2) = u(t,)|*) < C(Ialt,2) + alt, ),

Ilntl' <

—A(t — s,z — 2)o (u(s, z))} M (ds,dz)

where

n(t —s,0— 2)o (un(s, 2))

]Rd

)

Ionlt,2) <

ds [ A(s,dz) [b(un(t s,z —2))

Rd
/)
We have Iy ,(t,2) < C(I1,,(t,z) + If ,(t,x)) with

Ilnta; (

X [a(un(s,z)) - J(u(s,z))]M(ds,dz)

Ilnta; (

—A(t — s,z — z)]o(u(s, 2)) M(ds, dz)

—b(u(t — s,z — 2))

Ap(t — s,z —2)
R4

)
)

n(t—s,x—2)

]Rd
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By the isometry property of the stochastic integral, the assumptions on
o and the definition of A,,, we obtain

t

Bt <C [ds s B(junlny) - utrp)?) It —s).
0 (ryeE[0,s]xR?

Although A, (t — s) — A(t — s) may not be a non-negative distribution,

it does belong to the space Py ,(,) of deterministic processes integrable

with respect to the martingale measure M7 . Hence, by the isometry
property of the stochastic integral,

I (6, 2) = [[An(t = oz =) = At =z = )2

Then, the definition of the norm in the right-hand side of the above
equality yields
t 2
Bota) = [ ds [ pd9]F (At~ 5) - A - 9)(0)
0 Rd

t
o(u 2 2
= [Fas [ mgaeFo.© -1 |Fae - el

Hence, by bounded convergence we conclude that

Cp = sup Iin(t,x)
(t,z)€[0,T]|xRd
tends to zero as n goes to infinity.

Now we study the term Iy ,(t,z). Applying the same techniques as
for the term As , (¢, x) before we obtain

t
In(t,x) < C/ ds  sup E(\un(ﬂy) —U(T,y)lz)-
0 (7,9)€[0,s] xR

Consequently,

sup E(‘un(s,x) — u(s,x)E)
(s,x)€[0,t] x R4

§C’n+C/Otds sup E(‘un(T,x)—u(T,a:)‘z)(J(t—s)+1),

(r,2)€[0,s] xR

where lim,, o, C,, = 0.

The proof of (7.26) concludes with an application of the above men-
tioned version of Gronwall’s Lemma.

The convergence (7.22) is now a consequence of (7.23) and (7.26). O

© 2005, First edition, EPFL Press



112 Malliavin Regularity of Solutions of SPDE’s

Lemma 7.6

Assume that the assumptions of Theorem 7.1 are satisfied. Then, for
any positive integer N > 1 and p € [1,00),

sup sup E<HDNun(t,x)Hf{®N) < 0. (7.27)
n>0 (¢,2)€[0,T]xRY T

PRrROOF

We follow exactly the same scheme as in the proof of Lemma 7.3, with
the obvious changes. In the estimates we must use the above mentioned
property (7.19). We omit the details. O

The next result is a step further towards the identification of the
stochastic process ZV(t,x) appearing in the right hand-side of (7.3).

ForN>1,n>1,r=(r,...,Tn), 0 = ((rl,ejl), R (TN,ejN)) and
(t,x) € [0,1] x R%, we define the H®N-valued random variable Z2 " (¢, z)
as follows,

<Z,],V’”(t ), 6].1 R ® ejN>H®N

§:< — i,z *)Dg—%ﬂun@u*»7eﬁ>H.

Applying Lemma 7.6 it can be easily seen that ZV"(t,z) € LP(; HEY),
and

wp sup E<HZN,n(t,x)H§;®N) < +oo, (7.28)
n>1 (t,2)€[0,T]xRd T

for every p € [1, 00).

Notice that ZN'"(t, x) coincides with the first term of the right hand-
side of Equation (7.21) for v = ((r1,€5,),-..,(rn, €jy))-

For N > 1 we introduce the following assumption:
Assumption (Hy_1) The sequence {DIuy(t,x),n > 1} converges in
Lp(Q;H?j), j=1,...,N — 1, with the convention that Lp(Q;'H%O) =
LP(Q).

Lemma 7.5 yields the validity of (Hp). Moreover, for N > 1, (Hx_1)
implies that u(¢,r) € D/P and the sequences {Djun(t,x),n > 1} con-
verge in LP(Q; 'H?j) to DIu(t,x). In addition, by Lemma 7.6

sup  B(|[Duls,y)|fes) <00 j=li. N1 (729)
(s,9)€[0,T)x R4
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Lemma 7.7

Fizr N > 1. Assume the same hypothesis as in Theorem 7.1 and
that (Hy—1) holds. Then the sequence {ZN’”(t,as)}n>1 converges in

LP(Q;HEN) to a random wvariable ZN(t, ).

ProoFr
Consider first the case N = 1. Then

ZV(t, ) = Ap(t — -,z — )0 (un (-, *)).

We prove that {Zl’"(t,x),n > 1} is a Cauchy sequence in L?(Q;Hr).
Indeed, for any n,m > 1 we consider the following decomposition:

£ ")

where
Tyt 2) = E< At = =)o (un(-, %)) — o (u( ) | j{) ,
)

2
Hr )

Since A, is a smooth function, the Lipschitz property of o and the
definition of A, yield

Tin(t,x) <C  sup (\un(s,y) - U(s,y)\z)
(s,9)€[0,T]x R4

< [ s [ uaolEnser

<C  sup (\un(s,y) - U(s,y)|2)-
(s,9)€[0,T)x R4

Ap(t —- 2 — *)O’(un(-, *)) — A (t—-x— *)a(um(-, *)) ‘

é C(Tl,n(t, l’) + TZ,n,m(ta l’) + T3,m(t> l’)),

Topm(t,x) = E< [An(t — @ — %) — A (t — 2 — *)] o (u(, *))‘

Ty m(t, ) = E< At — - — %) [o(u(-, %)) — o (uml(, *>)} \

Then, by Lemma 7.5 we conclude that

lim sup Ty (t,z) = 0.
90 (1,4)€[0,T] x R4

Similarly,

lim sup T3 m(t,z) = 0.
M09 (¢ 2)€[0,T] x R4
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Owing to the isometry property of the stochastic integral we have
2
Tyt ) = E(HAn(t ez %) = At — -z — *)Ho,g(u))

T 2 2
_ / ds / pZ(dE)| F(thn — ) (€)] |FA(s)(E)] .
0 R4

Then, by dominated convergence we conclude that

lim sup Ty pm(t,xz) = 0.
M09 (¢ 2)€[0,T]x R4

Therefore,

sup E<HAn(t—-,x—*)a(un(-,*))
(t,x)€[0,T] xR

At — -z — #)o (U (-, *))‘

2
Hr
tends to zero as n,m tends to infinity and consequently the sequence

{Z'"(t,x),n > 1} converges in L*(Q; Hr) to a random variable denoted
by Z(t,x).

Actually, the convergence holds in LP(Q,Hr) for any p € [1,00).

Indeed
)
< 0.
Hr
This finishes the proof for N = 1.

Assume N > 1. In view of (7.28) it suffices to show that
{ZN’”(t,x)}n>1 is a Cauchy sequence in L2(Q; HZN).

For n,m > 1, set

Anlt = 2= %)0 (un( )|

sup sup E <‘
n>1 (t,2)€[0,T]x R4

N
AR o) o dr Z Z<An(t — 7T — *)Dg;lg(un(ri, *))’eji>7-t
’ J1yenin 1i=1

2

N
— ;<Am(t -7, T — *)Dé\i_la(um(ri, *))’eji>H

Then,
7 < O+ 2+ 7,
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where

Zn = ZE/ ‘<An(t—ri,x—*)

JisenJN
% [D{Vflg(un(ri, *)) - Dg;lo-(u(n, *))} ) eji>,H‘2 )
Z" = ZE/ >0 (DX o (utrs )
JisenJN
> [An(t — 71— %) — Ay (t —ry, @ — *)]’6j¢>H‘2 )
Zé”_ZE/ > |(Anlt=ria =
JisenJN
<D ot ) = Dt )] ),

Parseval’s identity and the Cauchy-Schwarz inequality ensure
N

7z = ;E/[QT}Nl d; ]
< [ DN (ua0) = DY ol )] |

N
< E / / ds / (dz) dyA, S, x —
ZZ:; [0, 7]V R4 Rd (- v)

X Ap(t—s,7—y+2) HDg‘1 (a(un(s, y)) — U(u(s,y)))‘

Ap(t — -z — %)

2

HO(N-1)
8 HDgil (J(“n(svy —2)) —o(uls,y - Z))) ‘ HO(N-1)
= (oo ([ (otamtors) =) [ v

/ds/ (d€)|FA(t — s)())?

<C sup E<HDN1 (U(Un(s,y)) — a(u(s,y))) Hi?w”> .

(s,9)€[0,T]x R4

Leibniz’s rule, Lemma 7.6 and the assumption (Hy_;) yield that the
last term tends to zero as n goes to infinity.

Analogously, Z3" tends to zero as m tends to infinity.
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Using similar arguments we obtain

N
Z;L,m — ;E/[()’T}Nl d’f‘i
X ZHDQ\?IU(U(-, *)) [An(t —r—%)— Ap(t — o — *)] ‘
Ji

2

Hr

N T
= E/ dr; / ds/ I'(dz / dyDY 1o (u(s, y
i—zl [OvT}N71 jz 0 Rd ( ) R4 i ( ( ))

x DY o (u(s,y —2)) [An(t — 5,2 —y) — A(t — 5,2 — y)]
X [An(t— s, —y+2) — Ap(t — s, m—y+z)]

_ZE/T an/ ds/Rdusz (dé)
2

‘J—“ Wt —s) — Am(t—s))(g)‘.

This term tends to zero as m and n go to infinity. Indeed, arguing as
in the proof of Theorem 2 from reference [14] (see also Theorem 6.1) we
have that

HA(t - .)H(2),Déifla(u) = thingAk(t B ')H?),Dg[la(u)'

Then, by Fatou’s Lemma

o(u)
 fopen 2 [ s [ e Eac - el
= dr; At —- > N-1
\/[031N1 T %:H ( )HO,D&i o(u)

. . -~ 2
S N

This last term is bounded by a finite constant not depending on k, as
can be easily seen using (7.29). Then we conclude by bounded conver-
gence. O

Lemma 7.8

Under the assumptions of Theorem 7.1, for any positive integer
N >1andp € [1,), the sequence (DNun(t,x),n > n) converges in
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the topology of L*(€; H%N) to the H?N-valued random vector U(t, x)
defined by the equation

Ult,z) = ZN(t,z) + /Ot /]Rd At —s,z—2) [A(a,u(s,z))

+U(s, 2)0’ (u(s, z))] M(ds, dz)
(7.30)

+ /Ot ds L A(s,dz) [A(b,u(t — 8, — Z))

+ U@t —s,z—2)b' (u(t — s,z — z))],

with ZN(t,x) given in Lemma 7.7.

Proor

We will use an induction argument on N. Let us check that the
conclusion is true for N = 1.

Set Z! := Z and
Ig(t,[]?) = Zl’n(tax) - Z(tvw)7

I (t) = / /]Rd An(t = 5,2 — Z)U/ (un(37 Z))Dun(s, z2)M(ds,dz)
/ /Rd (t—s,x—2z)o (u(s z))U(s,z)M(ds,dz),

I'(t,x) = / ds [ A(s,dz) (b'(un(t—s,w—z))Dun( $,x — 2)
0 Rd
—b'(u(t —s,2—2))U(t — s,z — z))
By the preceding Lemma 7.7,

lim sup E(||I%(t,)|3,.) = 0.
00 (t,x)€[0, T x R4 ( T)

Consider the decomposition
2
E(Hfg(t, x)HHT) < O(Dyn(t,z) + Don(t,x) + Dsplt,z)),

where

, T — 2) [a/(un(s, z))

2
b
Hr

Dlnta; (

Rd

— o' (u(s, z))} Duy, (s, z)M(ds,dz)
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,x — 2)0’ (u(s, 2)) [Dug(s, 2)
2

b
Hr

[An(t—s,2 — z)
Rd

Dgnt.’L‘ <

]Rd

—U(s, 2)| M(ds,dz)

D3ntl' <

— At — s,z — z)]o" (u(s, 2))U(s, z)M(ds, dz)

2
HT>
The isometry property of the stochastic integral, Cauchy-Schwarz’s
inequality and the properties of o and A, yield

R W C (TR (AR

/ds/ (d€)|FA(s)(6)]*.

Owing to Lemmas 7.5, 7.6 we conclude that

N[

lim sup Dy ,(t,xz) =0.
00 (¢,2)€[0,T] x R4

Similarly,

t
Dy, (t,x SC/ds sup E(||Dun(r,y) = U(r,y 2\ 76— )
2t 2) Loz E([[Dun(r) = Ul ) e =)

Denote by U the Hp-valued process {o’(u(s,2))U(s, 2), (s, z) € [0,T] x
Rd}. Then, the isometry property yields

D3,n(tax) = HAn(t —nx—x) At -z — *)HaU

_ /tds / u0 (d€)| Fibn () — 17| FA(L — 5)(€)|*
0 R4

Thus, by dominated convergence limy, oo SUp(; z)cfo,7]xre D3,n (¢, x) = 0.

For the deterministic integral term, we have
2
B[ 0)|5,) < COunlt2) +boalt,2)),
with

ds [ A(s,dz) [b'(un(t — s,z —2))

R4
2
3
Hr

bin(t,z) = E(

— bV (u(t — s,z — z))}Dun(t —8,x—2)
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bg n t .’L‘ <
2
X [Dup(t — s, —2) —U(t — s,z — 2)] .
Hr
By the properties of the deterministic integral of Hilbert-valued pro-
cesses, the assumptions on b and Cauchy-Schwarz’s inequality we obtain

bin(t,z) < /ds/ (s,dz)E
]Rd

_b’(u(t s — 2))‘ HDun(t — S, T — 2)”31T>

ds | A(s,d2)V (u(t — s,z — 2))

R4

b'(un( S, T — z))

(SIS

< sup Elun(s,y) —u(s,y)| E||Dun(s,y)
oo (BlnGs0) s, Do), )

t
X / dsA(s,dz).
0

Thus, hmn*}oo Sup(t@)E[O’T]XRd bl,n (t, l’) = 0.
Similar arguments yield
t
2
balt) <C [(ds s E(|Dunri) = UG, ):
(1.y)€[0,5]xR4
Therefore, we have obtained that

E(||Dun(s,2) — U(s,2)|;
(va):}ég]xw (H un (s, 1) (s m)HHT)

t
< Cn—i—C/ ds sup E(HDun(T,x)
(r,2)€[0,s] x R4

~U(r,2)|[3, ) (It = 5) +1),

with lim,,_, ., C;, = 0.
Thus applying Gronwall’s Lemma 6.2 we complete the proof.

Assume the induction hypothesis (Hy_1) with p = 2. Then we can
proceed in a similar maner than for N = 1 and complete the proof. We
omit the details. O

We are now prepared to give the proof of the main result.

PrRoOOF OF THEOREM 7.1

We follow the same scheme as in the proof of Proposition 7.1. More
explicitely, we fix (¢,z) € [0,T] x R? and apply Lemma 7.1 to the se-
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quence (un(t,x),n > 1) defined in (7.20). The validity of assumption
(a) is ensured by Lemma 7.5. Lemmas 7.6 to 7.8 show that the assump-
tion (b) is also satisfied. Moreover, the process ZV in Equation (7.3) is
given in Lemma 7.7. Hence the proof is complete. U

COMMENTS

The actual presentation of the results of this chapter are not present
in previous literature. However, there are several references where par-
ticular examples or some pieces of these results are published.

The analysis of the Malliavin differentiability of solutions of SPDE’s
with coloured noise was first done in reference [40] for the wave equation
in spatial dimension d = 2. In reference [35] a general setting is presented
which covers the stochastic heat equation in any spatial dimension d and
the wave equation in dimension d = 1,2. The extension to equations
whose fundamental solution is a distribution can be found in references

[54] and [55].

7.1 Exercises

7.1.1

Consider the stochastic heat equation in dimension d > 1 (see Exercise
6.3.5). Prove that if o,b are C! functions with bounded Lipschitz con-
tinuous derivatives, then for any (t,2) € [0,T] x R? the solution u(t, x)
belongs to D2

7.1.2
Under the same assumptions of the preceding exercise, prove the same
conclusion for the stochastic wave equation in dimension d = 2.

7.1.3

Consider the stochastic wave equation in dimension d = 3. Prove that
if o, b are C' functions with bounded Lipschitz continuous derivatives
then, for any (t,z) € [0,T] x R?, the solution u(t,z) belongs to D2,

REMARK. The purpose of these exercises is to give some insight into
Proposition 7.1 in a concrete and simplified setting, and a particular
example of the general statement in Theorem 7.1. Actually, a first read-
ing of this chapter could consist in proving results at the level of the
first derivative (the first step in the induction assumptions) and then
applying them to the examples given here.
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CHAPTER &

Analysis of the Malliavin Matrix
of Solutions of SPDE’s

In this Chapter we study the LP(Q2)-integrability of the inverse of
the Malliavin matrix corresponding to the solution of Equation (6.19)
at given fixed points (t,z1),..., (t,zm), t € (0,T), z; € R, i =1,... m.
The final aim is to combine the results of this and the previous chapter in
order to apply Theorem 5.2. That means we shall analyze under which
conditions for the coeflicients of the equation, the differential operator
and the covariance of the noise, the law of the random vector

u(t,z) = (u(t,z1),. .., ult,zm)) (8.1)

has an infinitely differentiable density with respect to the Lebesgue mea-
sure on R™.

First we shall assume m = 1. In this case the Malliavin matrix is
a random variable and the analysis is easier. In a second step we shall
give examples where the results can be applied. Finally we shall extend
the results to m > 1 in some particular cases.

8.1 One dimensional case

For a fixed (t,z) € (0,T] x R? we consider u(t,z) defined in (6.19).
We want to study the validity of the following property:

Property (I) For anyp >0,

E(||Dutt2)],2) < oc. (8.2)
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122 One dimensional case

We recall that the Malliavin derivative Du(t, x) satisfies the equation

Du(t,x) = Z(t,x) //Rd (t—s,2—y)

(u( 5,y )Du(s y)M (ds, dy)

t
—i—/ds/Asdy
0 Rd

x b (u(t — s,z —y))Du(t — s,z — y).

If A(t) is absolutely continuous with respect to the Lebesgue measure
and we denote by A(t,z) the density, then Z(t,x) is the Hp-valued ran-
dom vector A(t — -,z — *)o(u(-, *)) For a general A satisfying the Hy-
pothesis D, Z(t,x) is obtained as the L?(2;Hr)-limit of the sequence
An(t—- z—x*)o(u(-,*)), with Ay, given in (7.18) (see Lemma 7.8, Equa-
tion (7.30) with N =1).

As in the study of the Malliavin differentiability we shall consider
two steps, depending on the regularity properties of the fundamental
solution of the equation. The results are given in the next Propositions
8.1 and 8.2.

Proposition 8.1

Suppose that Hypothesis D is satisfied and in addition that the mea-
sure A(t) is absolutely continuous with respect to the Lebesgue mea-
sure on R%. Moreover, assume that

1) the coefficients o and b are C' functions with bounded Lipschitz
continuous derivatives,

2) there exists oy > 0 such that inf{|a(z)‘, z € R} > oy,
3) there exist 0;, C; > 0, i = 1,2,3, satisfying 01 < %92 A (02 + 03),
such that for any t € (0,1),

t 2
o < [as [ | FAGOF <t 84
/t ds | A(s,y)dy < Cst%. (8.5)
0 R4

Then (I) holds.

Before giving the proof of this Proposition we prove some auxiliary
results.
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Lemma 8.1

Assume Hypothesis D and that the measure A(t) is absolutely con-
tinuous with respect to the Lebesque measure. Suppose also that o
satisfies the restriction on the growth

lo(z)] < C(1+|z|).
For any (t,z) € [0,T] x RY, define the Hy-valued random variable
Z(t,x) = A(-,z — x)o (u(t — -, %)).

Then, for any p € [1,00)

EB(||Z2)|ly) < C</Otds/Rdu(dgﬂ}“A(s)(g)E)p. (8.6)

PRrROOF

Holder’s inequality with respect to the non-negative finite measure
A(s,z —y)A(s,x —y + 2z) dsT'(dz) dy yields

E(|z¢)|5)
_ E(

x A(s,x —y+ 2)o(u(t — s,y — 2))

t
ds | T(dz)

dyA(s,z — y)a(u(t — s, y))
> -1
< </Ot ds /Rd I'(dz) /Rd dyA(s,z —y)A(s,z —y + Z))p
x /Otds/RdT(dz)/RddyA(s,a:—y)A(s,x—y+z)

X E(‘o(u(t —s,y))o(ult — s,y — Z))‘p)

c<1+( S[E%X]Rd (s, 2| )(/ ds/Rd D(dz)(A(s) * A(s ))@))p
(/ds/Rd (d6)| FA(s) \)

The proof of (8.6) is complete. O

R4 R4

IN
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124 One dimensional case

Lemma 8.2

We assume the same hypothesis on A and p as in the previous lemma.
Suppose also that the coefficients o, b are C' functions with bounded
Lipschitz continuous derivatives. Then

— 2p
s, sup B0 e =5,

<C </0t ds /Rd u(dﬁ)\fA(S)(£)|2>p,

for allt € [0,T] and p € [1,00).

(8.7)

ProoF

Owing to the equation (8.3) satisfied by the Malliavin derivative
Du(t, ), the proof of (8.7) needs estimates for the L?P($;H;) norm of
three terms: the initial condition, the stochastic integral and the path
integral. The first one is proved in Lemma 8.1. To obtain the second
one we apply (6.8). Finally for the third one we use Jensen’s inequality.
Then the conclusion follows from Lemma 6.2, taking into account that

El||D t, P < ’
(t,m)gs[}]l’lj)ﬂ]de (H u( x)HHT> o0

for any p € [1,00). O

Lemma 8.3

Property (1) holds if and only if for any p € (0,00) there exists eg > 0,
depending on p, such that

/060 e P(|| Dut,2)|[3,, <€) de < oo. (8.8)

PRrROOF

It is well known that for any positive random variable,
oo
E(F) :/ P(F > n)dn.
0

~2P We obtain

Apply this formula to F := HDu(t, x)HHT

E(|[Du(t, @), ) = ma +ms,
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with

—/ | Du(t, z H:Tp > 77) dn,
—/ | Du(t, z H:Tp > 77) dn.
0

Clearly, m1 < ng. The change of variable n = ¢~ implies
o
mo :/ P(HDu(t,w HH > 77) dn
70
00 9 1
—/ P(HDu(t,x)HHT <n P)dn
70

p/2

" () 2
=p [ P(||Du(t,2)l5,, <€) de.
This finishes the proof. U

REMARK 8.1 The process (Du(t, z), (t,z) € [0,T] xR?) is Fi-adapted.
Hence, by virtue of Lemma 4.2,

HDu(t,w)HHT = HDu(t,x)HHt.

PROOF OF PROPOSITION 8.1

Owing to Lemma 8.3, we have to study the integrability in a neigh-
borhood of zero of the function

D(e) = e_(1+p)P<HDu(t,$)H3{T < e).

Let €1,6 > 0 be such that for any € € (0,¢], t — €’ > 0. In view of
(8.3) we consider the decomposition

P(IPutsll, <) = P(IPucoli <o)
< P(¢,0) + P%(¢,6),

Pl(e,a):P< Ze),
P(e,5) = (HA - )0 (u(t—-,*))H2 <2e>,

H.s

where

t
/ drM(t,r, x)
t—ed

with M (t,r,z) = HDT’*U (t,x HH HZr,*(t737)H3{
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Indeed,

t
[Dut.o), > [ dr|Dreatta)],

t t
—/ drHZm(t,x)Hi(—i—/ drM(t,r,x)
t—ed t—ed

and (8.9) follows from the triangular inequality.
Let us first consider the term P!(e,d). By Chebychev’s inequality,
for every ¢ > 1 we have that

t
/ drM(t,r, x)
t

b

q 5
Pl(e, ) < qu( ) <Ce iy Ty, (8.10)
k=1

with

ni—p

x o' (u(s,z)) M (ds, dz)>

t t
/ dr <Zr7*(t7 x),/ At — s,z — 2) D, su(s, 2)
t—ed t—ed JRA
)
H )
t t
/ dr <Zr,*(t, a:),/ ds/ A(t — s,dz) Dy u(s,z — 2)
t—ed t—ed R4
q
x b (u(s, o — z))> ) ,
H

t t
T3 = E( / dr / / A(t — s,z — 2) D, yu(s, z)
t—ed t—ed JR

2 19
x o' (u(s, z))M(ds, dz) ) ,

H
t
T4 =F / dr
t—ed

X </t_5(S e At — s,z — 2)Dyuls, z)0’ (u(s, z)) M (ds, dz),

7= b

)

t
/ ds | A(t—s,dz)Dy.u(s,z — 2)b (u(s,z — z))>
t—ed R3

t
T5 = E( / dr
t—ed

x b (u(s,z — 2))

H

t
/ ds | A(t—s,dz)D,u(s,x — z)
t—ed R4

)

2

H
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The Cauchy-Schwarz inequality yields

T < T{* Ty,

t q
Ty = E(‘/ dr|Ze(t,0)|f5, ) :
t—e

t t
/ dr / At — s,z — z)
t—ed t—ed JRA

x Dyu(s, )0’ (u(s, z)) M(ds, dz)

with

T12:E<

2

)

T < C(/OE ds /Rd u(ds)\fA(s)(g)f) < Ce®2, (8.11)

H

By Lemma 8.1 and (8.4),

Clearly,

t
/ At — s,z — 2)
t—ed JRA

XDy (s, z)o’ (u(s, z)) M (ds, dz)

Tho =E<‘

2q
H.s

K =M., K(s,2) := Dy—.u(s,z)o’ (u(s,z)) and S:=A.

Here we apply Theorem 6.1 to

Thus, Lemma 8.2 and (8.4) ensure

5 2q
THSC(/O dS/Rdef)\fA(s)(&)!z) < 20002, (8.12)

Hence,
Ty < Ce3902, (8.13)

2q
Hs

We now consider the term

T22 = E(‘

© 2005, First edition, EPFL Press

t
/ ds | A(t —s,dz)Dy—. cu(s,z — 2)b (u(s,z — 2))
t—ed R4




128 One dimensional case

Jensen’s inequality and then Holder’s inequality with respect to the finite
measure A(t — s,dz)ds on [t — €, 1] x R? yield

t 2q—1
Ty < (/ ds [ At — s,dz))
t—ed R4
t 2q
X E</ ds | A(t—s,dz)||Di—su(s,x — 2)b' (u(s,z — 2)) H >
t—ed R4

H.s
From (8.5) we obtain

/ ds/ (t —s,dz) / ds/ dzA(s, z) <Ce€36
t—ed R4 R4

Then, since b’ is bounded, Lemma 8.2 and (8.4) imply

T22 S C€q6(293+92). (814)

The Cauchy-Schwarz inequality and the estimates (8.11), (8.12), (8.14)
yield
Ty < T Tyy? < Cet¥02t0s),

Ty = Thg < C?0902,
T, < T112/2 T212/2 < Ceqé(%92+93),
T5 = T22 é CEq6(293+92).

Therefore, (8.10)-(8.15) imply

(8.15)

Pl(e, ) < Cetl=1+(3802)7(3(02+63)))
Consequently, for any €y > 0 condition foeo Pl(e,8)e~ P de < oo holds if

1 q(%ag A (92 +93))
=< .
0 p+q

(8.16)

We now study the term P?(e,d). Our purpose is to chose some positive

d such that for e sufficiently small the set (||A(-, z —*)a(u(t—-, %))[3, , <

26) is empty and therefore P?(e,d) = 0. ‘
The assumption 2) yields

HA(r,a; — *)a(u(t -, *)) Hi > 0(2] /]Rd M(d§)|.7—“A(r)(§)|2.
Hence, the lower bound in (8.4) implies

|AC@ =)o (ult - %) Hi > Cro2e®

0

© 2005, First edition, EPFL Press



Analysis of the Malliavin Matrix of Solutions of SPDE’s 129

Let 6 > 0 be such that
661 < 1. (8.17)

Set €3 := (% 08)1/(1_691)

Summarizing the restrictions imposed so far we obtain (see (8.16)
and (8.17))

. Then for any € < e we have that P?(e,§) = 0.

1 (36,1 (0,+6
91<_<(22 (02 3))q.

8.18
5 s (8.18)

Fix qo € (1,00) such that

(362 A (62 +63))qo

0 <
P+ qo

Since by assumption 67 < %92 A (02 + 03) this is always possible. Then
let dp be such that (8.18) holds with ¢ := go. Let ¢; > 0 be such that
for any € € (0,€;], t — €% > 0.

The preceding arguments with § := dy and g := ¢¢ prove that the
function ¥(e) = 6_(1+p)P(||Du(t,x)||$_lT <€) is integrable on (0, €),
with €y = €1 A €. This finishes the proof of the Proposition. O

Let us now consider the case where A satisfies Hypothesis D, without
further smoothness properties.

Proposition 8.2

Suppose that Hypothesis D is satisfied and also that:

1) the coefficients o and b are C' functions with bounded Lipschitz
continuous derivatives,

2) there exists o9 > 0 such that inf{|o(2)],z € R} > oy,
3) 04 < 61 < 205 A (02 + 03), such that for any t € (0,1),

Cit = /ot s | Wd)|FASOF < Cat, (319

t
/ ds / A(s,dy) < Cst%, (8.20)
0 R4
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t
/ds/ w(de)|€] | FA(s)(€)|* < Cut®s, (8.21)
0 R4
t
/ds/ p? (d)|€] | FA(s) ()] < Cut?®. (8.22)
0 R4

where 7(s,x) = a(ut—s x) 0<s<t.
Then (I) holds.

We recall that p? is the spectral measure of the finite measure

17 (dz) = E(a(u(t —5,0))7 (ult — s, z)))F(dz),

(see Section 7.1).

The difference between the proof of this proposition and the pre-
ceding one lies on the analysis of the term P2(e, ), where we use a
mollifying procedure. More precisely, as in Chapter 7, let ¢ be a non-
negative function in COO(]Rd) with support contained in the unit ball of
R? and such that [y, (z)dz = 1. For any n > 0, set ¢, (z) = n%(nz)
and A, = ¥, x A. We Shall need a technical result.

Lemma 8.4

We have the following upper bound:
[F(Ay = MOE < 4x|FABO©* eI~ (8.23)

for any t € [0,T] and & € R

PRrROOF

The definition of the Fourier transform and a change of variables

yield

Fin©) = [ (o) exp(~2ime - ) do
Y(y) exp (—mg -5) dy,
Rd n
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[

where the notation means the inner product in R?. Consequently,

76,0 <17 = | [ v (e (-2imL €] ~1) ay
W) (exp(—zm% : 5) - 1) dy 2
< sup

2
exp<—2i7rg . f) -1
lyl<1 n

=2 |2u<p1<1 — cos(2m(y - 5)77_1)).

2

A first-order Taylor expansion of the function cos(z) in a neighborhood
of zero yields for the last term the upper bound

2 sup (27T(y -&)n ' sin(2n(y - 5)?70))

with 79 € (0,771). Therefore,
2 _
|[Fuby(€) = 1|7 < dnmlgln ™.
This proves (8.23). O

PROOF OF PROPOSITION 8.2

As in the proof of Proposition 8.1 we shall use Lemma 8.3 and con-
sider the decomposition

P(HDu(t,w)Hi{T < e) < Pl(e,8) + P?(¢, ),

>e).

Z(t,x) is the L*(; Hp)-limit of the sequence Ay (-, z — *)o (u(t — -, %)).
Notice that Z. .(t,x) = Z;_. .(t, ).

We obtain that [;° P! (e, §)e=P+1) de < oo if the restriction (8.16) is
satisfied.

where

t
/ drM(t,r,x)
t

—eb

Pl(e,a)—P<

P2(e, 5) :P<H2(t,x

)Hifea < 26)’
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The analysis of P?(e,d) cannot be carried out as in Proposition 8.1.
In fact the process Z(t,z) is no more a product of a deterministic func-
tion and a process. We overcome this problem by smoothing the funda-
mental solution A and controlling the error made in this approximation.
To this end, we introduce a further decomposition, as follows,

P2%(€,8) < P?Y(e,6,v) + P*2(e,6,v),

where v > 0 and

P2Y(e,8,v) = P(‘

Ao (cyz —%)o (ut — -, %)) Hj{sé < 66) :

P%2(e,0,v) = P<HZt.7*(t,x) — A (= *)o (u(t — -, %)) Hisé > e) .

Let us start with the study of the term P%*!(e, d,v). Our purpose is to
choose some positive § and v such that for € sufficiently small the set

(

is empty and therefore P%!(¢,§,v) = 0.

Ao (s —%)o(u(t — -, %)) Hjlea < 6e>

The assumption 2) yields

A (r,x —*)o (u(t —r,*)) Hi > o /Rd u(df)‘f/\efy(r)(g)‘z
> of (3 [ naolFam©l
- [ aF - Ner?).
R4

Lemma 8.4 and the bounds (8.19), (8.21) yield

|

Aevlea = 0o(utt =) = of (% / “ar | maolFasel

v 66 2
—ame’ [ ds [ )il |FAG)©)

N———

> 0.8 <% 016615 _ 0261/+694> ’

for some positive constants C7, Cs.
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Let v, > 0 be such that

01— 04 1
S5

(8.24)

1/(v—5(61—0
then %016616 — Coevtota > %6916, for all € < €y := (4%2) /(v=0(01=64))

Thus, for any € < €9,

2 1
HA(V(-, z —*)o(u(t — -, *)) H > g2 = e,
H.s 4
Moreover, the condition
010 < 1, (8.25)

. . Cro2\1/(1—616
implies 6e < 0'(2]%6616, for e < e3:= ( ;ZO) /(A=619),

Hence, if v, > 0 satisfy (8.24) and (8.25) then P%!(¢, 8, v) = 0, for
any € < eg A €3.

Consider now the term P?2(e,6,v). By Chebychev’s inequality,
Lemma 8.4 and (8.22) we have that

P%2(e,6,v) < €1E<

‘th-,*(@x) — A (z =)o (ult — -, %)) H2 >

H.s
=t [Cas [ ] - A )]

56
< dme /0 ds /IR B FA)E) < Cetre,

for some positive constant C'.
Thus, [;° e 4P P22(€,6,v) de < oo if

—1—p+v+4805>0. (8.26)

We finish the proof by analyzing the intersection of conditions (8.16),
(8.24)-(8.26). We recall that p € [0,00) is fixed.

Choose v > 0 such that
01— 0,4
0,

We are assuming that 6; > 64 > 0, therefore such a choice is possible.
Then conditions (8.16), (8.25), (8.26) are equivalent to

1 309 A (65 + 6
91<_<Q(22 (2+ 3))
o p+q

—1—p+4v+d05 > 0. (8.29)

v >

(8.27)

, (8.28)
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Let us now choose qp € (1,00) such that

305N (0 0
91<CI0(22 (62 + 3))‘
P+ qo

The condition 8, < %92 A (0 4 03) allows this choice. Then let 6 > 0
satisfying (8.28) with g = go. For this ¢ choose v > 0 sufficiently large
such that (8.27) and (8.29) hold true.

The proof of the proposition is complete. O

If our purpose were limited to studying the existence of a density for
the probability law of u(t, x), it would suffice to study the validity of the

property HDu(t, a:)HHT > 0, a.s. A sufficient condition for this is

Property (I’) There exists p > 0 such that E(HDu(t,x)H?_f;) < 00.

In fact, (I') implies that the positive random variable || Du(t, x)H;j;
Du(t,a:)HHT >0, a.s.

We leave as an exercise for the reader to give a direct proof of the next
proposition, by adapting some arguments of Propositions 8.1 and 8.2.

is finite a.s. and hence, {

Proposition 8.3

Suppose that Hypothesis D is satisfied and also that:

1) the coefficients o and b are C' functions with bounded Lipschitz
continuous derivatives,

2) there exists og > 0 such that inf{|o(2)],z € R} > oy,
3) there ezist 0;,C; > 0, i = 1,2,3,4, satisfying 04 < 61 < %02 A
(02 + 63) such that for any t € (0,1),

Cit™ < /0 o /R u(d)| FAGs)(©)]” < Cat™,

t
/O ds/RdA(s,dy) < st
t
[ ds [ utaeiel |FAG©F < cu,
0 R4

/ ds / uS(dE) €] | FA(s)©)|? < Cats.
]Rd

0

where 5(s,x) = o (u(t — s,x)), 0< s < ¢.
Then (I’) holds.
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8.2 [Examples

We study in this section two important examples of stochastic partial
differential equations: the wave and heat equations. We shall check that
the assumptions of Proposition 8.1 are satisfied by the heat equation
in any spatial dimension d > 1 and by the wave equation in dimension
d = 1,2, while Proposition 8.2 applies to the wave equation for d = 3.

The next assumption shall play a relevant role.

Condition (H,)) There exists n € (0,1] such that

d§
/Rd % < 0. (8.30)

Notice that for n = 1, this is (6.16).
We begin with the analysis of the heat operator.

Lemma 8.5

Let A be the fundamental solution of L1 = 0, with L1 = 0y — A\g.

1) Assume that condition (6.16) holds; then for any t > 0 there
exists a positive constant C' > 0, not depending on t, such that

ct< [Las [ waolFaee)l” (8:31)

2) Suppose that (8.30) holds for some n € (0,1). Then for any
t > 0 there exists a constant C > 0, not depending on t, and
B € (0,1 —n] such that

/ ds / u(de)| FA(s)(€)[> < O, (8.32)
0 R4

3) For any t > 0, there exists a positive constant C, not depending
on t, such that

t
/ ds/ dyA(s,y) < Ct. (8.33)
0 Rd
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Proor

We recall that FA(t)(€) = exp(—2m%t[£[*). The proof of 1) follows
immediately from the lower bound of (6.15). For the proof of 2) we
consider the decomposition

L/%/;MOVM®©VSE@+B®,
0 R4

with

2
)

ﬂ@—A@AqM@VNﬂQ

t
2
10 = [ds [ o) FaG)EP.
0 |€]>1
Since p is a tempered measure, it is finite on any compact set. Thus

Ti(t) < p(l€l < 1)t

To study T5(t) we apply the inequality 1 — exp(—z) < x, valid for any
x > 0. We obtain,

1-n
(1 — exp(—4r?t[¢]?))" (1 - exp(—4772t\§]2)>
= d
Ty(t) /£>1,u( £) 47r2|§|2
(1-— exp(—47r2t|£|2)1_77
n
<2 /|£|>1M(d§) An2|¢]2

ti=n

—1—27 .
<277 /|£|>1M(d§)‘§’2n

o [ MO
re (141¢[2)"
The statement 3) is trivial. Indeed by its very definition [p4 A(s,y) dy
<C. O

As a consequence of the previous Lemma we can now state the result
concerning the heat equation.

Theorem 8.1
Let u(t,x) be the solution of Equation (6.13) with L := 0; — Ny at a
fized point (t,x) € (0,T] x R, Suppose that

1) the coefficients o, b are C* functions with bounded derivatives of
any order greater or equal than one,
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2) there exists og > 0 such that inf{|o(2)],z € R} > oy,
3) there exists n € (0, 1) such that condition (H,) holds.

Then, the law of u(t,z) has an infinite differentiable density with
respect to the Lebesgue measure on R.

Proor

It is based on the criterium given in Theorem 5.2. The validity of
assumption a) of this Theorem is ensured by Proposition 7.1. Let us
now check assumption b). By virtue of Lemma 8.5 the hypotheses 3) of
Proposition 8.1 hold with #; = 1,05 =1—n and 63 = 1.

These parameters satisfy the restriction 6; < %92 A (02 + 03) if
n € (0, 3). O

The next step is to study the stochastic wave equation with spatial
parameter d = 1,2. We begin with some auxiliary results whose validity
extends to any dimension d > 1.

Lemma 8.6

Let A be the fundamental solution of Ly = 0 with Ly = 0 — Ay,
d>1.

1) Assume that (6.16) holds; then for any t > 0 we have

cient) < [as [ gl FAGOL <Cate+), (331

where C;, © = 1,2 are positive constants independent of t. In
particular, fort € [0,1),

Oy < /0 s /R WA FAG) ) < Ot (8.35)

2) Suppose that (H,) holds for some n € (0,1). Then for any t €
[0,T7,
t
/ s / u(dé)| FA(s)(©)|* < ct*=2, (8.36)
0 RY

where C' is a positive constant depending on n and T.
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3) Let d € {1,2,3}. Then there exists a positive constant indepen-
dent of t such that

t
/ ds [ A(s,dy) < CF2. (8.37)
Rd

PRrROOF

The estimates (8.34) follow from (6.17) and (8.35) is a trivial conse-
quence of (8.34).

Let us check (8.36). Set

| ds [ @9 FAGO = i) + Bato),
0 R4

with
sm 27rs|§|)
d ;
/ s/ g<1 2%\{])

sm 27rs|§|)
d :
/ S/f|>1 (2mle])®

Since sinz < x, we clearly have

3
Ri(t) < pdlél < 1}5-

For Ry(t) we have

/d / (sin( 2713]{\) (A=)

s

§\>1 27r|£|)
2(1=n)

/ />1 4772|5|2 S|£|)

R u(dé) 3-2n
= 7T2n(3 —2n) </5>1 (L+ e ) ) t |

Therefore, we obtain the upper bound (8.36) with

el <1}, ! )
C=—2— "7y ___ — 1 1e2\7 -
3 t g (3—2n) /5>1 (1+1¢2)"
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To prove 3) we have to look at the diferent values of d. For d = 1,
A(s) is the measure defined by A(s,dy) = (% 1‘y|<5) dy. Thus,

t t2
/ ds/ A(s,dy) = —.
0 R 2

1 _1
MMM‘(g@LMW21MJ@-

For d = 2,

Thus, a direct computation yields

t t2
/ ds | A(s,dy) = —.
0 R2 2

Finally, for d = 3, A(s) = 1/(4ws)os, where o, denotes the uniform
measure on the 3-dimensional sphere of radius s. Therefore,

t t t2
/ ds [ A(s,dy) = / sds=—. O
o Jes 0 2

The above lemma allows to study the existence and smoothness of
density for the stochastic wave equation with d = 1,2, as follows.

Theorem 8.2
Let u(t,z) be the solution of Equation (6.13) with L := 0% — Ay,
d=1,2, at a fived point (t,z) € (0,T] x R?. Suppose that

(a) the coefficients o, b are C* functions with bounded derivatives
of any order greater or equal than one,

(b) there exists o9 > 0 such that inf{|o(2)|, z € R} > oy,
(c) there exists n € (0,%) such that condition (H,) holds.

Then the law of u(t,z) has an infinite differentiable density with re-
spect to the Lebesgue measure on R.

PRrROOF

We proceed as in the proof of the preceding Theorem 8.1. Notice
that the hypotheses 3) of Proposition 8.1 hold with 1 = 3, 6 =3 — 27
and 03 = 2. These parameters satisfy the restriction 67 < %92 A (024 63)
if n € (0,3). O
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Our next purpose is to study the stochastic wave equation for d = 3.
The fundamental solution of the underlying differential operator is no
longer a function, but a non-negative measure. Thus our aim is to apply
Proposition 8.2. In addition to the work done in lower dimensions we
must analyse the validity of (8.21). The next three lemmas give the
technical background.

Lemma 8.7
Suppose that there exists n € (0, %) such that (H,) is satisfied. Then
for any t € [0,T],
¢
2 _

| as [ waorel|Fam© <cen (539

with
C— N{|§| < 1} T+ 4 1 / p(d§) -
3 (2 = 202177120 Jieq (14 [€]2)
PROOF

We decompose the left hand-side of (8.38) into the sum Ji(¢) + Ja(t),

with
t
J(t)= | d d A 2
(1) /0 8/€<1u( £)[é] | FAGs) (€

— tds d FAG) ()%
/O /£>1M(§)’f|’ (5)(€)]

Clearly,
t3
7)<l <135 (8.39)

Let 0 <~y < 1. Then,

(sin2ms|¢])”

d S~ PP

/ / (A)IE1 " g
<

27?72/ds/ p(dé) e~ LsY
€1>1
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— (271')772& / M(dé)
€1>1 (

v+ 1 |£|2)(1—“/)/2
L2079 ™ h / p(d§) ‘
R el>1 (14 J¢f2) 72

Let n := 1777 We obtain

Jo(t) < Ct?=21, (8.40)
with
O 1 / LI
(2 —2n) 2142 Jigor (14 1€[2)"

Consequently, (8.39) and (8.40) yield (8.38) with the value of the con-
stant C given in the statement. (]

Let (Z(t,z),(t,z) € [0,T] x R?) be a predictable L*-process with
stationary covariance function such that sup ;e r)xrd £ (1Z(t, =)?)
< oo. We recall the notation I'? (dz) = g(s,x)T'(dz), with g(s,z) =
E(Z(s,y) Z(s,= +y)) and uf = F~1(T7).

Set

1 1
Gan(z)=F (W) (x), d>1,n€(0,00).

It is well-known (see for instance ref. [17]) that
_d
Gap(z) = Cagle™ 2 Ky, (|2]),

where Cg, is some strictly positive constant and K, is the modified
Bessel function of second kind of order p. Set

Faalw) = [ T@0)Ganl =)

y € R% We remark that if the function ¢ = 1/(1 +[£|?)” where in S(R?)
— which is not the case— then the following equality would hold:

_ p(d§)
Fy,(0) = /]Rd 7(1 -~ |£|2)n )

The next lemma (cf. Section 4.4 of ref. [32]) clarifies the relation
between the property (H,) and the finiteness of Fy,(y).
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Lemma 8.8

For any n € (0,00) the following statements are equivalent

ﬁ)wpﬂm@%—wp/'ﬂmﬂhdw—w<a%
y€ERd yeRd JRE

6 f s 1+m

In fact, if either (z) or (i) hold, then

B TGN
sup Fan(y) = /Rd (1+1¢2)"

Proor
Assume (i). For any t > 0 set p; = f_1(6_2”2t|§|2). Since p; is the
density of a probability measure on R? we clearly have that

sup / dypi(y) Fan(y) < sup Fg,(y) < oo.
t>0 JRE y€ERd

The definition of Fy, and Fubini’s Theorem yields

[ 2 Fanl) = [ TGy o)
R4 R4

Since Gy * pt € S(R9),

" o) () = pAE) — —amryjep2
T G @) = [ e

By monotone convergence,
lim/ M(d§)2 . _/ M(df)z .
=0 Jpa (1+ [€]?) ra (1+1€]?)

p(d€)
o T < P <

thus,

proving (ii).

Assume now that (i) holds. Then, the Fourier transform of the
finite measure p(d¢)/ (14 |¢[*)” is a bounded function, which is also the
convolution of the Fourier transforms of p(d¢) and 1/(1+ [¢[?)”, that
is, Fg,. In particular, Fy, is bounded. Il
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The next lemma is a technical result needed in the proof of the
analogue of Lemma 8.7 for the measure pZ.

Lemma 8.9

Assume that (H,) holds for some n € (0,1). Then

g (dE) _ p(dg)
22 oty <o Lok

for some positive constant C.

Proor
Set

Fcfn(s,y) = /]Rd FSZ(dx)de(x —9), s€[0,T], y € RY

Lemma 8.8 implies that

sup an(s,y) < 0.
(5,9)€[0,T]xR4

Indeed, this follows from the definition of the measure I'/ and the prop-
erties of the process Z.

Then, again by Lemma 8.8, it follows that for any s € [0, 7

pi(ds)
/Rd 1+ )" =

Let p; be as in the preceding lemma; by bounded convergence we have

z —2m2t)¢2
[ () . [ g t
R R4

NTEATRAN (1 + B’
- %1{% y FSZ(daz)(Gd,n * pi) ().

Fubini’s Theorem yields that

| T2 G @) = [ dymFE (5.0
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But, the definition of I'Z implies

/]Rd dypt(y)an(s,y)
= [ dvnto) [ 10)Gig ()
R R4
= [ dvmty) [ | Tdz)g(s.0)Gun(e - v)
Rd R4

< sup E(!Z(s,x)\g)/ dypt(y)/ I(dz)Gan(z —y)
(s,2)€[0,T] xR R4 R4

[ TGy e p @) = C [l 2
= e TNGdn *Pt)\T) = Rd,u 5W-

Owing to (H,) and using again bounded convergence, it follows that

—2n24)¢|?

z _ i S
L0 g < Clim [ a0 P e

_ p(d§)
h C/Rd (1+ )"

We can now give the last ingredient we need.

Lemma 8.10
Assume that (H,) holds with n restricted to the interval (0, 1). Then,
for any t € [0,T] there exists a positive constant C such that

/ ds/ uZ (d)I] | FAs)©)|* < o=, (841)
0 Rd

PRrROOF

Clearly, by the inequality (6.8) with p = 2 and Lemma 8.6 (see
(8.36)),

L ! s Z s 2 3—-2
Ty(t) = /O d /{mgl}us (@)[el | FAG) )P < 0. (3.42)
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Using the same arguments as those in the proof of Lemma 8.7 to study
the term Ja(t), we obtain that

sin? (2ms|¢|)
d (d€)
/ S/{£>1} ,UJs 5 |£| 47 2|£|2
t sin(27rs]§\)>
d Z(d (
< /0 o] N

t 1
d 1-2n Z dg)——
§0/0 S S Adﬂs(g)(1+|£|g)n

Due to the preceding lemma, this last term is bounded by Ct>~2", which
together with (8.42) imply (8.41). O

1-2n

We can now give the result on existence and smoothness of density
for the stochastic wave equation in dimension d = 3. The restriction
on the dimension is imposed by the non-negative requirement on the
fundamental solution in order to have existence and uniqueness of a
real-valued solution to Equation (6.13) (see Theorem 6.2 and Example
6.1).

Theorem 8.3
Let u(t,x) be the solution of Equation (6.13) with L := 02 — A3 at a
fized point (t,x) € (0,T] x R3. Suppose that
(a) the coefficients o, b are C* functions with bounded derivatives
of any order greater or equal than one,

(b) there exists o9 > 0 such that inf{|o(z)|, z € R} > oy,
(c) there exists n € (0, 3) such that condition (H,) holds.

Then the law of u(t,z) has an infinite differentiable density with re-
spect to the Lebesgue measure on R.

Proor

We apply Theorem 5.2. Assumption (a) of this theorem is assured by
Theorem 7.1 We next prove that the hypotheses of Proposition 8.2 are
satisfied. Thus, condition (b) of the above mentioned Theorem 5.2 also
holds true. Indeed, by Lemma 8.7 the upper bound (8.21) holds with
04 = 2—2n. Applying Lemma 8.10 to the process Z(s,x) = a(u(t—s, m))
yields that the upper bound (8.22) is satisfied with 65 = 2 — 2n. On the
other hand we already know that (8.19) and (8.20) hold with 6; = 3,
05 =3 — 21, 03 = 2. Then, 04 = 05 < 01 < 302 A (62 + 03). O
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8.3 Multidimensional case

Let x1,...,x, be distinct points of R%. Consider the solution
of Equation (6.13) at (t,21),...,(t,zm). Set wu(t,z) = (u(t,z1),
... u(t, ). We denote by I'(t,z) the Malliavin matrix of u(t,z),
that is,

<<Du(t,xi),Du(t,xj)>HT, 1<, 57< m).

We assume that sup; ,)ejo,mxre E(HDu(t,x)H%T) < oo, for any p €
[1,00) (see Theorem 7.1).

In this section we study sufficient conditions ensuring the property

Property (J) For everyp >0,

E(detD(t,2)7P) < oo. (8.43)

We start with a result which has an analogous function as Lemma
8.3 in our new context.

Lemma 8.11

Fizp > 0. Assume that for any v € R™ there exists ey > 0, depending
on p and v such that

€
/ e_(1+pm+2m)P(vTF(t,g)v < 2€) < oo. (8.44)
0

Then, (8.43) holds true.

Proor
Let A(t,z) = infj,—y o' T(t, z)v. Then det (¢, z) > (A(t,2))™. Set
q = pm; it suffices to check that

E(At,2)) 7 < o0

A simple argument yields the following (see, for instance Lemma 2.3.1
in ref. [43]): For any € > 0,

P(\(tz) <€) < iP(v%F(i,g)vk < 26) + P(HF(t,g)H > e*1>,
= (8.45)

© 2005, First edition, EPFL Press



Analysis of the Malliavin Matrix of Solutions of SPDE’s 147

where ny denotes the number of balls centered at the unit vectors of

. L2 . : _
R™, v1,...,vn, With radius & covering the unit sphere S™ 1and | - ||

denotes the Hilbert-Schmidt norm. Notice that ng < Ce ™.

Set F' = (A(t,g)) 7. The classical argument used in the proof of
Lemma 8.3 yields

—1/q

U
E(F)<mn+ q/ ’ e_(q“)P()\(t,g) <€) de. (8.46)
0

Since Sup(; z)efo,7]x®4 E(||Dut, a:)H%T) < 00, for any p € [1,00), Cheby-
chev’s inequality yields

P(Irz)| > ) < eB(|r@ o)) < e,
for any r € [1,00). Therefore, in view of (8.45) and (8.46) we conclude. [J

We would like now to carry out a similar program as in Section 8.1.
However, the results are still not satisfactory. In spite of this feeling, we
present a general result in the next proposition. It is the multidimen-
sional version of Proposition 8.1.

This result is applied to the wave equation in spatial dimension d = 2
when the correlation of the noise is given by a Riesz kernel; this is the
main topic of reference [40].

We hope to be able to study the stochastic heat equation with the
same tools.

Similarly, we could prove the multidimensional analogue of Proposi-
tion 8.2. However we do not yet have any examples where it could be
applied.

Proposition 8.4

Suppose that Hypothesis D is satisfied and in addition that the mea-
sure A(t) is absolutely continuous with respect to the Lebesgue mea-
sure on R%. Moreover, assume that

1) the coefficients o and b are C' functions with bounded Lipschitz
continuous derivatives,

2) there exists op > 0 such that inf{|o(z)|, z € R} > oy,
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3) there exist 0;, C; > 0, i = 1,2,3,4, satisfying 61 < %92 A (02 +
03) A 04, such that for any t € (0,1),

q#gAﬁ%QMmﬂmng@#, (8.47)
/t ds/ A(s,y)dy < Cst%, (8.48)
0 Rd

| ds [ ut@e)|FAG) @ -] [FREE =) < . (549
0 Rd

for any x1, x5 different points in RY
Then (J) holds.

Proor

Let (§m(t,x), (t,x) € [0,T] xR, r <t, 2z € ]Rd), be the solution of
the equation

& 2(t,x) :A(t—r,x—z)+/ RdA(t—s,x—y)
+ 0’ (u(s,y)) &z (s, y) M (ds, dy)

+/7«t/RdA(S’dy)

+ ' (u(t — 5,2 —y)) & (t — s,z —y),

(8.50)

for fixed 7, z. By uniqueness of solution D, ,u(t,z) = J(u(r, z))gm(t, x).
Let €,0 > 0 be such that t — €’ > 0 for any 0 < € < ¢;. Then, if
v = (v1,...,Vp), by hypothesis 2),

Therefore, by the triangular inequality,

PTT(t,z)v < €) < p*(e,8) + p(e,0), (8.51)
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where

t 2
P, ) = P( [ [ re) [ ety < —)
t—ed R4 Rd 90
t
p*(e,6) = P Z/ dT/ F(dm)/ dy vivi&ry(t, ;)
’l#] t_€5 ]Rd ]Rd

€
X gr,mfy(ta$j) > _2>a

99

for any j =1,2,...,m.

We study the e-size of the term p' (e, §) following the same arguments
as in the proof of Proposition 8.1. We come out with the following
conclusion: Fix p € [1,00). Assume there exist ¢ € [1,00) and § > 0

such that 5
1 205 N (09 + 0

91<—<(22 (6 3))(]‘
1) pm +2m+q

(8.52)

Then the function @(e) = e~ (HPmH+2m)yl(¢ §) is integrable in a neigh-
bourhood of zero.

Chebychev’s inequality yields

p2(€7 5) <Ce? sup E (‘ <§t—-,*(t7 i), gt—-,*(t7 xj)>7-( s ‘q) : (8.53)
i#] ¢

By virtue of the equation (8.50), and following similar arguments as

those of the proof of Lemma 8.2 one can check that the right hand-side
of (8.53) is bounded by

s q
Csup </E ds/ u(df)‘]—"/\(s)(xi — )! ‘fA(s)(xj — )’) .
i#j \Jo R4
Hence, owing to (8.49)

P2(e,5) < Ced(—1+001),
Consequently the integrability of the function

Y(e) = e P2 (e 6)

in a neighbourhood of zero is assured as far as

1 q94

< 8.54
5 pm+2m+q’ (8.54)

for some ¢ € [1,00).

© 2005, First edition, EPFL Press



150 Multidimensional case

We conclude by checking that both restrictions (8.52) and (8.54)
are compatible under the assumptions on 6;, ¢ = 1,...,4 given in the
statement. g

Examples 8.1

Consider the stochastic wave equation in dimension d = 2. We assume that
I(dx) = f(z)dx, with f(z) = |z|~* with a € (0,2) and the same assumptions
(a) and (b) of Theorem 8.2. Then the law of the random vector u(t, z) has an
infinite differentiable density with respect to the Lebesgue measure on R™.

Indeed, let us check that the assumptions of Theorem 5.2 are satisfied.
Hypothesis (a) follows from Proposition 7.1, while condition (b) shall follow
from the previous proposition.

In fact, Lemma Al in reference [40] states that

/Ot ds /R2 M(d§)|]-"A(s)(§)|2 ~ t/otrf(r) 1n<1 + ;) dr,

by virtue of the particular expression of the fundamental solution.

On the other hand, by the particular choice of the correlation density, it is
easy to check that

/Ot rf(r)In (1 + ;) dr ~ 27 (8.55)

Consequently, #; = 02 = 3 — a. We already know that ;3 = 2. Let us now
prove that 64 = 3.

Set m = |r1 — @2|. Then, if 4¢ < m, |z — 21| < ¢, |2/ — x2| < t imply
m/2 < |z — 2| < (3m)/2. Hence, since f is continuous, for these range of
z,2' € R?, f(|z — 2'|) is bounded.

Therefore,

ds [ p(d&)|FA(s)(wy — )| | FA(s) (w2 — )
[ st
:/0 ds/]R2 /R2 drx dzf(x)A(s,z — x)A(s, 2)
= /t ds /R2 . fz—2")A(s,2")A(s, 2)

2
<C/ / dz ds < Ct3,
<o) /52— 27

where we made the change of variables z — x = 2’.

It is trivial to check that for any a € (0,2) these values of 6;, i =1,...,4,
satisfy the conditions of Proposition 8.4.
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REMARK 8.2 It is natural to compare the assumptions on I' in the
preceding example with the validity of condition (H,). We prove now
that if o € (0,27), then (H,) holds true.

Indeed, it is well known that Ff(¢) = [¢|73~®). Then condition

(H,) is equivalent to
oo
pdp
—_— < 00.
/0 po (14 p?)"

Clearly,

1 1
pdp / ~lta
———— < [ P dp < o0,
/0 PP (1+02)" " Jo

because v > 0. Moreover

o0 d o0
/ __pdp / PO g < o
1 p?(14p?) 1

since a < 2.

REMARK 8.3 There are two facts in Example 8.1 worthy of being men-
tioned. The first one is that the value 8; = 3 — « is better that the one
obtained in (8.35) (01 = 3), which means that the results of Lemma Al
in reference [40] are sharper than those of Lemma 8.6 for d = 2. The
second one is the value of 04 which has been obtained using the partic-
ular form of the fundamental solution in this dimension. One could try
to apply Schwarz’s inequality to

/Ot ds/Rd (&) | FA(s) (21 — )| ‘W‘

and then use the bound of fot ds [pa p(d€)| FA(s)(z—") ‘2. This procedure
gives a rougher inequality (62 = 64) which is not suitable for the analysis
of Example 8.1.

REMARK 8.4 In view of the preceding remarks it seems that an ex-
tension of Theorem 8.3 to the multidimensional case requires, as in di-
mension 2, a strengthening of Lemma 8.6. Due to the complexity of the
above mentioned Lemma Al in reference [40] this seems to be a difficult
and challenging problem.
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152 Multidimensional case

COMMENTS

In this chapter we have followed the strategy of reference [35] of giv-
ing sufficient conditions on the behaviour of the fundamental solution
ensuring non-degeneracy of the Malliavin matrix. In comparison with
reference [35] our results apply to a broader class of equations including
the stochastic wave equation with spatial dimension of three. Proposi-
tion 8.2 is an abstract formulation of results published in reference [55].
Section 8.2 contains results from references [32], [35] and [55]. Lemma
8.8 appears essentially in reference [32].

We believe that the results concerning the stochastic wave equation
can be extended to the damped wave equation using the analysis of the
fundamental solution carried out in reference [32].
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Definitions of spaces

Co(R™) , r € (0,00]
Cy(R™) , r € (0,00]

co=(R™)

C,o(R™)

D(R™)

S(R™)
By(R™)
P
S
Sp

SH

L(R",R")

© 2005, First edition, EPFL Press

space of r-times differentiable functions with
compact support.

space of bounded, r-times differentiable func-
tions with bounded derivatives up to order 7.

space of infinitely differentiable functions de-
fined on R™. For m = 1, we write C* instead
of C*°(R).

space of infinitely differentiable functions f de-
fined on R™ such that f and its partial deriva-
tives have polynomial growth.

space of Schwartz test functions, that is, the
topological vector space of functions in C§°(R™)
with the topology induced by the following no-
tion of convergence: ¢, — ¢ if and only if

1) there is a compact subset K C R™ such that
supp(p, — ) C K, for all n;

2) lim;, 00 VY, = V%, uniformly on K, for
any multi-index «.

space of C*°(R™) functions with rapid decrease.

set of Borel bounded subsets of R™.

set of Gaussian functionals of the form

f(W(hi),...,W(hy)), where f is a polynomial.

set of GGaussian functionals of the form
fW(h1),...,W(hy)), where f € Co°(R™).

set of GGaussian functionals of the form
f(W(hl)a U 7W(hn))a where f € Cgo(Rm)

set of random vectors of the form uw =
Z?Zlehj, FeS hjeH, j=1,...,n.

set of linear mappings from R" to R".
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